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1. Introduction

Two-stage surveys are used in sampling from finite populations of, say, N primary units or clusters,
where each cluster consists of m; units. N is assumed known. As mentioned by Kelly and Cumberland
(1990) and Valliant, Dorfman and Royall (2000, ch. 8.9), it often happens that the m/'s are unknown
before sampling, and this is the case we consider in this paper. Let y; be the value of the variable of

interest for unit j of i'th cluster. The problem is to estimate the total

i

t:izy"f"

i=l j=1

~

An example is considered in Thomsen, Tesfu and Binder (1986) and Thomsen and Tesfu (1988), with
t being the size of a particular population. The clusters are certain administrative units, the units are

households and y;; is the number of persons in household j of the i'th administrative unit.

We assume that, before sampling, other measures of the sizes of the clusters are available to us. Let
. N .
Xy,..., Xy be these measures with X = Zizl x; . Kelly and Cumberland (1990) consider a case where

the clusters are blocks of dwelling units and x; is the number of units in block i from a previous census.

The sampling plan is as follows: At stage 1 a sample s of size n, of the clusters (1,..., N) is selected
according to some sampling design. At stage 2 we select for each i € s, a sample s; of size n; of units
using possibly a different sampling design than at stage 1. The designs are assumed to be non-
informative, i.e., they do not depend on the y;'s and the m/'s. E.g., in Thomsen and Tesfu (1988) the
two-stage sampling plan is to use pps-sampling at stage 1 (letting selection probabilities of clusters be
proportional to the x;'s) and simple random sampling (srs) at stage 2. This is a common two-stage
sampling plan, as also mentioned by Kelly and Cumberland (1990). Usually, the second stage sample
sizes are the same, leading to approximately equal selection probabilities for all units provided the
ratios x;/m; are not too different. When the m;'s are known, one often used sampling plan is to let the
first stage selection probabilities be proportional to m;, and then srs with same sample sizes at stage 2
yielding equal selection probabilities for all units. As mentioned by Valliant et al. (2000, ch.8.1), equal
sample sizes at stage 2 has many advantages and is probably the most common allocation of sample

units in practice.



The total sample size is n = Z n; and our data now consists of y(S) = (yl./.) _and the vector
les E

i€s,jes;
m(s)=(m;),.,, where s= {s,s;:ies}.Let y= (y(s),m(s)). For the pps-srs sampling plan mentioned

above, a commonly used design-unbiased estimator of ¢ is the Horvitz-Thompson estimator (see, e.g.,

Thomsen et al. 1986, Kelly and Cumberland, 1990, and Sérndal, Swensson and Wretman, 1992)

- X miy;
fr === (M

iy ies i

where y, = Zjes_ yiln; .

In this paper a population model is adopted, regarding m;, y; as realized values of random variables

M,.Y; forj=1, .., M;andi =1, .., N. The M;'s are assumed independent of all Y, and furthermore:

E(M;)= fix,, V(M;)=0"v(x;)

Cov(M,;,M ;)=0

E(Y,)=p, V(Y)=7’ @)
Cov(¥,.Y,)= pr* if k# j,p20

Cov(Y;, Yy )=0 if I #i.

Since the variance of a cluster total is nonnegative, we must have p > —1/(maxm,; —1) as also noted by
Kelly and Cumberland (1990). It is therefore a minor restriction to assume a nonnegative p. Also,

usually v(x)=x® with 0 < g <2. In fact, it is typically assumed that v(x) = x (see e.g., Royall,1986,
Kelly and Cumberland, 1990, and Valliant et al.,2000, ch. 8.9).

A more general model is to let p and 7 vary with the clusters, having cluster parameters p;, 7; .

However, we then have the problem of estimating these parameters. Without further assumptions we
are only able to estimate (1—p,)z’. As noted by Valliant el al. (2000, ch. 8.1), it is often sensible to

adopt model (2), especially after suitable stratification that also may allow x to be different for

different parts of the population.

The model (2) for the Y}/'s arises naturally from expressing Y; in the following way:

Y. = +&;

y

where all g, ¢; are independent with



E(u)= V(i) =77 and E(g;) =0,V (g,) =72. 3)
Here, V' (1;,) =7, expresses the variability between the clusters, and Viey) = 72 expresses the
variability within the clusters. Then z* =7, + 7, and the intraclass correlation is given by:
p=1,17",

the proportion of the total variability due to the variability between the clusters.

The total ¢ is now a realized value of a random variable 7, where T can be expressed as

T = Zies JES; Y’/ + Z Wlth

Z= ziES Zjesi YU + Zies Zj/[:tl YU ' (4)

Expressing the 7 on this form, we see that the problem can be expressed as one of predicting the un-

observed value z of the random variable Z. It is often clarifying to write a predictor T of T on the form
r= Zies Zjes, Y’/ +Z (5)

where Z then implicitly is a predictor of Z. Considering the modified Horvitz-Thompson estimate

T 7 given by (1) on the form (5), we can use the following expression, with X = Z X;,

ies

X x]

The last term predicts Zm Zil Y; while the second term predicts Z‘E ' Z Y; . From this point of

JES;

view T, 1 does not look like a reasonable predictor.

Modeling the population in survey sampling has been and still is somewhat controversial, although
most statisticians seem to agree on using modeling in developing statistical methods while evaluation
is done with respect to the sampling design. An important aspect of this issue is that the likelihood
principle in a sense makes it necessary to model the population. Without a model the only stochastic
elements are the samples S = {s,s, :i € s}, and the likelihood function is then flat (see, e.g., Cassel,
Sarndal and Wretman, 1977). This means that from the likelihood principle point of view the data

contains no information about the unobserved y;'s and m;'s. To make inference we therefore need to



relate the data to the unobserved values somehow, and the most natural way of doing so is to

formulate a model (see also remarks by Berger and Wolpert, 1988, p. 114 and Bjernstad, 1996).

The random variables observed are Y(s), M(s) and S, where S now is ancillary. The likelihood principle
implies that inference should depend only on the actual s observed and not on the sampling design.
This is usually called the prediction approach to survey sampling and will be adopted in this paper.
Hence, theoretical considerations are conditional on given S. The prediction approach aims at choosing
a predictor that is good for the actual s obtained and has given significant contributions to a better
understanding of several problems in survey sampling, some of which are mentioned in Thomsen and
Tesfu (1988) and Valliant et al. (2000). It also enables one to use more conventional statistical
methods, although the problem is not to make inferences about &but rather predict Z. Hence, €

basically plays the role of a nuisance parameter.

To predict Z we shall use predictive likelihood based methods, a non-Bayesian likelihood approach to
prediction problems in general. One can argue that in the context of a population model, survey
sampling provides one of the more natural "prediction" problems in statistics. Predictive likelihood
can therefore serve as a basis for essentially all problems of this kind in survey sampling. Some major
references to the general theory of predictive likelihood are Hinkley (1979), Mathiasen (1979) and
Butler (1986). A review of some of the suggested likelihoods is given in Bjernstad (1990, 1998).
Predictive likelihood is discussed from the perspective of the likelihood principle for prediction in
Bjernstad (1996). Bolfarine and Zacks (1992) consider methods based on predictive likelihood in

survey sampling.

Section 2 introduces the concept of predictive likelihood and shows how predictors and prediction
intervals can be constructed from a predictive likelihood, and in Section 3 a predictive likelihood is
derived for the normal model. Considering a predictive likelihood for Z directly does not work, mainly
because Z is a sum of a stochastic number of random variables. Therefore, predictor and prediction

interval will be obtained from a joint predictive likelihood for Z and the vector M (s) = (M)

igs*
In Section 3.3 optimality theory for a class U of predictors linear in the Y}'s, but not simultaneously in

both Y;'s and M;'s, under the distribution-free model (2) is developed.

In Section 4 three prediction intervals for Z based on similar predictive likelihoods are studied and a
comprehensive simulation study for estimating confidence levels, both model-based and design-based

is undertaken. The prediction intervals are evaluated by four different measures; the model-based



coverage C,, the design-based coverage C,, the unconditional coverage C (expected design-based

coverage), and the conditional coverage given the data.

2. Predictive likelihood

We shall here give a brief general introduction to the concept of predictive likelihood. For a more
complete exposition we refer to Bjernstad (1990, 1998). Let ¥ = y be the data. The problem is to
predict the unobserved or future value z of a random variable Z usually by a predictor and confidence

interval for Z. It is assumed that (Y,Z) has a probability density or mass function (pdf) f,(y,z).In
general we let f,(-) and fy(-|-) denote the pdf and conditional pdf of the enclosed variables. The

likelihood basis in prediction is the generalized joint likelihood for the two unknown quantities, z and

6. In Bjernstad (1996) it is shown that the joint likelihood function is given by /,,(z,0) = fy(y,2).

With this likelihood, the corresponding likelihood principle is implied by the sufficiency principle for
prediction and the conditionality principle, generalizing the fundamental result by Birnbaum (1962)
for parametric likelihood. The aim is to develop a partial likelihood for z, L(z|y), by eliminating 6 from
l,. Any such likelihood is called a predictive likelihood and gives rise to one particular prediction

method.

Different ways of eliminating 8 give rise to different L. The two main type of suggestions are the
conditional predictive likelihood L. , essentially suggested by Hinkley (1979), and the profile
predictive likelihood L,, first considered by Mathiasen (1979). Let R = r(Y,Z) denote a minimal
sufficient statistics for (Y,Z). Then

L.(z|y)=fo(y.2)/ fo(r(y,2)) (6)

L,(z]y)=maxy fo(y,2)=f5 (¥,2). (7

Typically, L. and L, are quite similar when sufficiency provides a genuine reduction and the

dimension of 4 is small.

In linear models, L, will ignore the number of parameters and can be misleadingly precise. A
modification of L,, L,,, that adjusts for this was suggested by Butler (1986, rejoinder), see also
Bjernstad (1990). If Y,Z are independent, Y consisting of » independent observations and Z being an

m-dimensional vector of independent variables, then L,,, is given by

Loy (z|¥)=L,(z|y) 117 (@) /| H H_|'* . (8)



Here, 17(0)=1{1;(0)} is the "observed" information-matrix based on (y,2), i.e. 1;;(0)=
—9? log fp(v,2)/00;00;. H, =H (éz) ,and H ,(60)1is the k X (n+m) matrix of second-order partial

derivatives of log f, (y,z) with respect to k~dimensional 6 and (,z).

We shall assume that any L considered is normalized as a probability distribution in Z. The mean and
variance of L are then called the predictive expectation and the predictive variance of Z, denoted by
E,(Z) and V,(Z). E,(Z) is then a natural predictor for z, called the mean predictor. L(z|y) also gives us
an idea on how likely different z-values are in light of the data, and can be used to construct prediction

intervals for z. An interval (a,, b,) is a (1-a) predictive interval based on L(z|y) if
by

J‘ L(z|y)dz=1-a.
4y

A simplified (1-a) predictive interval is of the form

E,(Z)tu,, /VP(Z) ©)

where Usy is the upper a/2-point in the actual (exact or approximate) conditional distribution, given y,

of (Z=Ey(Z|y)/Vo(Z]y) .

3. Predictive likelihood and predictor in two-stage sampling

3.1 Predictive likelihood for mixtures
In two-stage sampling, Z is given by (4), and is the sum of two mixtures. Therefore, instead of
considering a predictive likelihood for Z directly, we look at a joint predictive likelihood for Z and

M (5). It has the following form
L(z,m(3)| y) = L) (z| Y)L(m(s) | y) . (10)

L, (z|y) is a predictive likelihood for z conditional on M (s) =m(s), i.e., based on f,(y,z|m(s)).

Since fp(y,z|m())= f,. ,(¥(8). 2| m(s),m(5)) [ - (m(s)), Ly (z]y) is, in fact, based

on (¥(8),z | m(s),m(s)). L(m(s)|y) is a predictive likelihood for m(s)based on fy(y,m(s)).

H,T,p
The predictive likelihood for Z is given by the marginal in (10), e.g., in case of a continuous model for

M,



L(z| y) = [ L(z,m(5) | y)dm(5) (1D
Then E, and V), follow the usual rules for double expectation, i.e.,

E,(2)=E,{E,(Z|M(5))} (12)

Vp(Z)=E,V , (ZIM(5)} +V,{E,(Z|M(5))}.

In(12), E,(Z|m(s)) and V,(Z|m(s)) are the predictive mean and variance for Z from L, (z]y).

In principle we can derive L(z|y) as the marginal likelihood in (11). The advantage of (12) is that we
are able to obtain E,(Z) and V,(Z) without actually deriving L(z[y).

Under the model (2) we can factorize f,(y,z,m(s))=f, . ,(¥(5),z|m(s),m(5))f ,(m(s),m(s)) and it
is readily seen that applying L,, given by (7), to the terms on the right hand side in (10) in fact gives us

L,(z,m(5)|y)=maxgy fp(y,z,m(5)),ie.,
L, (z,m(5)y) = Lys),p (2| V)L, (m(5)] ). (13)

It follows that E,(Z) and V,(Z) based on L ,(z,m(s)|y) can be derived by (12). We note that L., given

by (6), has the same property, i.e., L, (z,m(5)|¥) = Ly ) (2| V)L (m(5)] y).

3.2 Normal model
It is now assumed that model (2) holds with Y; and M; normally distributed. We shall first consider

the second likelihood in (10), L(m(s)|y), using the profile predictive likelihood L,. Let t‘(,k) )

denote the k-dimensional multivariate ¢-distribution with v degrees of freedom and variance-
covariance matrix X, i.e., tf,k) (%) is the distribution of (U/W) Vv where U ~ N +(0,2) and W has a

chi-square distribution with v degrees of freedom. Let X (5) be the vector of (x; :i ¢s). Then

L,(m(s)|y) leads to a multivariate /-distribution, such that [M(5) — ﬁX )]/ o6~ 11(1(]]\/_"0) (V) , where

. - . : ~ 1
the maximum likelihood estimators (MLE) are, with W, = z[gxiz Iv(x;), B= WZmixi /v(x;), the

s ies

best unbiased estimator uniformly minimizing the variance, and 6% = %Z ies (M — ﬁx,- )2 /v(x;).

V= (vy) with v, =v(x,)+x] /W, and v; =xx; /W fori#j. It follows that £ ,(M;)= ﬁxi,



62(v(x,-) + xl.2 /W) and the predictive covariances are given by

V(M) =3

ny—

Cov,(M;,M ;)= G? -x;x; /W, for i # j. This implies that

ny—2

Ep(ZMi):ﬁXE (14)

i¢s

n X2
VY M)=—2_§% v +=5
p(z 1) n0_2 [ N WJ

i¢s s

where X =3 x;andv; =3 v(x;).

igs

L.and L,, (for M, /\/v(x;),i &s), given by (8), lead to moments similar to (14) with n, - 2 replaced

by ng - 5 and ny - 4 respectively.

Let us now consider the first term in (10), L,,5)(z[y) basedon f, . (¥(S),z[m(s), m(s)). For this

1,T,p

likelihood we will restrict attention to L, i.e., deriving L, ,(z|»). The MLE £, #2, ) canbe

expressed in the following way, with SSE=3_ > . (v; =V )2

n _ n;
Vil (15)
'esl_p_{_nip

A=y

i
iesl_ﬁ*—niﬁ

n ~

)
22 1) SSE n;(yf—ﬂ)A
l_p iesl_p+nip

and p is found numerically, maximizing

—(n/2)log#* —(1/ 2)2@ log(1+(n;, —1)p)—((n—ny)/2)log(1— p).

When n;=c, forall ies,then g=y=3%"._ v;/ng, 2 =8S/n, p =max(0,] - - 5E

-1 SS
SS = Zies z_/es, (‘ylf _5)2 ’

), where

Consider first the case when p and 7 are known. Then £ is given by (15) with p replacing p. In this

case L, ,(z]y) is such that Z is normally distributed with predictive mean and predictive variance

10



_ 1- N n; p _ R
Ep(ZIM(S))=Z(mi—ni)'[ P_ji+ ' yi}rﬂzmi (16)
ies 1-,0+I’ll-p 1'p+nip igs

2 2
Vp(Z|m(§))=V(Z|y,m(§))+f—m[2mi+Z(m,~—n,-)-1'—”j )

igs ies 1 -ptnp

ies 1-p+n;p

Here, V' (Z |) denotes the usual variance in the conditional distribution of Z. When p,r are unknown,

L,,),p (z| y) will for large ny be approximately such that Z is normally distributed with E, (Z | m(5s))
and V,(Z|m(s)) given by (16) and (17) with /3,1:2 replacing p,7. Recall that ;= z,a. Yy /n;and

0=(4,%, p,3,6) the MLE of 8 = (8,0, 1,7, p) . Then the conditional expected value of Z given the

data, estimated at 0 , 1s equal to

1-p . n.p _ . A
E(Z = m, —n, + ! )+ X, 18
#(Z1y) Z( L Suny Aty Sy ) u;(ﬁ ) (18)

Let V;(Z | y) denote the estimated conditional variance of Z given the data. It now follows, from (12) -
(14), (16) - (18) that, approximately, L, (z,m(s)|y) has

E (ZyE;(Z]y)
and

Vo (2)=Vy(Z]y)

2 . T 2 > X 19
e | B (1= )Y | g Ay g s ), (4
E_ T 1-p+np /4 /4
ies l—p+n;p

Here,

N S

Ve(Z|y)=72(1—p)Z(mi _ni)(1+(mi _ni)1+(nl.0—1)/0}

ies

+ 22 (BX: +pove t p ) B (fi — 1)+ PV

igs

and

A2 2
(5 R L R S 1 AR R |
Mo~ k Zies l_ﬁni”iﬁ "o A VVS o — k A WS‘ igs

11



The predictive likelihood
Ly (z,m(35)|y)= Ly p (2] y)L.(m(5)| )
leads to the same E,(Z) while V,,(Z) equals (19) with A(5) instead of 4(2). With
Ly mp (2:0(8)| V) = Lyys) p (2| V)L, (m(5) | y)

we get the same E,(Z) and V,(Z) equal to (19) with h(4).

Let W, =(n,p)/(1— p+n,p) . Writing the predictor Z, = E;(Z]y), given by (18), as
Zy=, 2 A=)+ y,)+ Y (Ao (20)

we see from (4) that predicting Z by Z o means that for i # s each unobserved Y} is predicted by 4 and

M, is predicted by ﬁxi .Fories, j s, Y;is predicted by w,y; + (1 —w;). This predictor shrinks the
natural estimate y,towards 4. Using the representation (3) of the model, we note that
A-p)/(A=-p+np)= Var(z | /Ji)/(Var(Z | 1) +Var(y;)) . Hence, for i € s, the smaller Var(u,)1is
compared to Var(z | 12.) , the more weight we put on £ to predict ¥}, forj £ s;. Or, in other words, the

smaller the variability is between the clusters compared to the variability within the clusters, the more

¥, shrinks towards /.

3.3 Some optimality considerations
All three predictive likelihoods for the model (2), with normally distributed Y; and M;, give the same
predictor for the population total 7,

TO - Zies Zjesi y’j +ZO
with Z, given by (20).
The optimality considerations are conditional on s = {s,s, :i € s}, and Ey(-) is used to denote Ey(-[S).
Let (= {f“ T = Zia Zjes, a;Y;} bea class of "partially" linear predictors, where each a;; is a

function of M(s). We shall restrict attention to the class of model-unbiased predictors in £, i.e.,

0,={Tel:Ey(T-T)=0,V6}.

12



We shall now consider the distribution-free model (2). The parameter estimates of (f,0°) are still

ny

valid, ﬁ now the best linear unbiased (BLU) estimator and 67 still unbiased. Regarding the

ny—1
MLE /1, given by (15), it is readily seen that with p replacing p, & is the BLU estimator as also

noted by Kelly and Cumberland (1990). What remains is to derive alternative estimators for p and 7.
Here one can use an ANOVA approach, as in Valliant et al. (2000, ch. 8.3) or Kelly and Cumberland

(1990). When n, = c for all i € s, these two ANOVA approaches yield the same estimators p,,,7_,

satisfying

avTav -

~ o _1[SS-SSE  SSE
cl ny-1 n—mn,

(1 - lbav )TAtfv = S5F

n—n,

It follows that, approximately, (for large no with(n, —1)/n, =1), ff SS/n and p,, =1--<-5E;

v 1788 >

the same as the MLE in the normal model.

With these new parameter estimates T, o 1s clearly a reasonable predictor also for this distribution-free
model, e.g., Kelly and Cumberland (1990) suggests using this predictor (see also Valliant et al., 2000,

ch.8.9). The optimal procedure at &, T, p,1n ¢, is defined to be the predictor in ¢, that minimizes

E,(T —T)* for T e?,.1f T, does not depend on @ it is uniformly optimal.

We see that, by using that E(T —T)=EE(T — T |M), with M= (M,,...M )

Tel, ©Ey3 Ya;)=pX,VB

ies jes;

We note the following result.

Lemma 1. The optimal predictor T, » must be a member of the class

oy = {f" el,: T= Zb.Y‘bl. is function of M (s),i € s}

it
ies

and  E,() b)=pX.VpB (21)

ies

13



Proof. Using the rule V(T —T)=EV (I —=T|M)+VE(T ~T |M), we see that, with 2, = > a;/n,,
JES;
Tel, =EyT-T) =Vy(T-T)
= CU=p)ELY, D al+pr Y Ey(nd)’
- 2pT°E, (D Mn@) +p V(Y. ng -y M)+ (22)

ies

Here, y is a function of the parameters only. Since Z A aé > na’
JES; Y

= "Moo

it follows that 7, must have a; =

aj, for all jes;, and b, =na,. &

We restrict attention to the class £, of model-unbiased predictors in ¢, where each a;; is a linear
function of M(s). We note that T ur » given by (1), is a member of £,. Then, from Lemma 1, it is

sufficient to consider the class

Ly, ={Tel,: sziesbiz and b, = ¢, +ZcifMj }.

Jjes

From (21),
Tely, ©EyQ b)=PXVB Y e+ Y. > cx, = XV
ies ies ies jes
Hence,
ZA"GL(M@ZQ:O andZZc[jszX. (23)
ies ies jes

We note that f’o can be expressed as zsbiofi and b, is linear in M(s). ZA"O satisfies (23) with ¢; = 0 and

hence is model-unbiased when p is known (e.g., when p=0) and approximately model-unbiased

otherwise.

Lemma 2. The optimal predictor T, p in Ly, minimizes with respect to ¢ = (c;, i €5; ¢;j, i €5, j €5), subject
to condition (23),

o) = 7Y V(b)) +(Eb)) =2pt* Y E(Mpb) + 'V Y (b~ M,)]

ies ies ies

n.

1

where ¢ =——"—.
1-p+np

14



Proof. For TelL

ou >

we see from (22), using (21),

Ef(T=TY = (= p)E, 3, (b7 /n)+pe* Y, Vo) +(Eyh)’]

- 2pT°Ey ). Mb, + V(Y =Y M)ty

ies

-3 (OO )+ (B

l

- 2pT°Ey ). Mb, + V(Y =Y M)ty

ies

Result follows since (1—-p)/n,+p=1/¢,. &
Let now ¢, = zv @, o= 2 N0t + ¢S,uz) and m, =(1-a)m, + aﬁxi . Then the following result holds.

Theorem. The optimal predictor at 8 in £, is given by

A

fg = Zies(ﬁ’li(l - Wi):[lp +mw,y;)+ ﬁpz A 24

ie., fg :ZZyU. +29 where

ies jes;

igs

26' = Zia[(ﬁ’li (A=w)it, +mw,y,)—ny,1+ f1, Zies’éxi

Here wi= pg and i1, = zvmi /@, .

Remarks. (I) The optimal predictor at & depends only on p and the coefficient of variation 7/, and is

hence uniformly optimal in (1, f,0) if p and 7/ are assumed known.

(II) The expression for T, » means that for i es, 2:1:1 ¥, s estimated by (n,(1-w,) i, + mw,y,;), and

for i s, 27:1 Y, 1s estimated by £, ,éxi , 1.e. m;is estimated by /}xl. and each y; by 4, .

(IID) Let &, = (1-w,) 2, +w,y, . Then an alternative expression to (24) is:

9—2 mif; + Z B, + R
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where R = aﬁpzq(ﬁxi —m)(1-w;).

Now, ziesni[l,- = ziesnlﬁ and therefore T, = ZZ vy +Zy where

ies jes;
Zy= zies(mi — ) +/}pziesﬁci +R.

It can be shown that R is typically of order 1/(N \/% ) or less compared to f"o Hence 7, b= f’o if p~p

and 7:0 is approximately uniformly optimal for large N \/% and large sample size n.

(IV) Valliant et al. (2000, ch. 8.9) and Kelly and Cumberland (1990) considers optimality for a

completely linear class in )7, and M, This is a rather restrictive class, excluding interesting estimators

that are linear in M,Y;, e.g., Ty, and also 7, even when p is known. Neither does the class include

T » - They show that the optimal predictor in this class at @is given by T ; = z z Yyt Z ; , where

ies jes;
2; = Ziés [((m; = ew ) —n,(1=w)u+(fx, —n)w,y;) + ,uzm P, , depending on the parameters
Bu,p. From remark (III), the theorem shows that if fx; is replaced by m; for i € s and 1,/ is

estimated by 4, ,3 the predictor is approximately uniformly optimal in the class £, for known p.

(V) As mentioned in Section 1, usually the model for the M/'s is to assume v(x) = x, leading to the ratio

estimator for 3, /Afr =Z,E m;/ Z,e X, . As mentioned earlier, a commonly used sampling design is pps-
les leS

sampling at stage 1 and srs at stage 2. Then the individual selection probabilities for unit j of the i'th

cluster are given by 7, = ny(x;/ X)(n;/m;) . In surveys consisting of persons, it is customary to let all

persons have the same selection probabilities. This is not possible exactly, since m; is unknown when

determining the size n; of s;. However, choosing n;, =n/n, =c for all i € s will lead to Ty n/X,
since x;/m,is approximately constant in i. Hence, a typical case is letting v(x) = x and n; = ¢ for all
ies. Then 4 = y and R =0, and with p known, we have that io =T >V 0, and hence fo is uniformly

optimal for known p.
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(VI) Consider the simplified model of negligible intraclass correlation, assuming o = 0. The simulation
study in section 4, assuming normal model, for predictive intervals of the form (9) indicates that this is

a valid assumption when o < 0.01 (but not if p is assumed to be larger than 0.05). Then
Zo = Z(ml. —nm)y+ fz,éxi and 25 = Z(n%i —n;)y+ fz,éxi . In this case, R = a}ziev(ﬁxi —m;)is

ies igs igs
of order 1/Nn and JA“O is approximately uniformly optimal for large Nn, which is practically always the
case. In fact, it can be shown that V(T T)- V(T ~-T)=4g5"? 2(Z:igv(xi) —st /ws) which is of
order 1/n* and {V(f’0 -T)- V(fg - T)}/V(fg —T) is typically neglible even for moderate sized n.

When v(x) =x, Z 9= 20 and YA‘O is exactly uniformly optimal.

Proof of Theorem. By Lagrange's method we shall minimize

F=0-24) 62502 e~

ies ies jes

The equations for partial derivatives are as follows:

OF /8¢, =0 < ¢;+ BY cyx, = $(pfc, + A), with 4 = 4, /7%, fories.

kes

Summing over i s gives

. BX=pY xd)

4 4,
Hence:
ﬂ(X_ i¢i)
¢; = phg + 4, ;st _ﬂzcikxk (25)
s kes
Forj =i, with ¢,; ZZkesckj :
¢u PN X
OF [0c, =0 ¢; =" (1-c,)) —¢SO'2v(xj)(X P 5B+, Tzazv(xj)ﬂa (26)
2
OF éc, =0 < ¢, = pé, +¢” (I1-c¢ J—% —pz X i)+ 4, = zv(x)ﬂg (27)

From (26) and (27) we can determine ¢, ; as a function of 4, :
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2

px X;
c.;=l-a+alpy, (. )(X Pz x#) ?()¢ﬂz]-
Since Zscw'xj =X ,wefind 1, = 4, /(r°c?)
* X 1 X,
T Lo ﬂ Bwx-pY 58)-pY x.] (28)
implying that
¢ = 1-a+—— (X ~(1-a)X,) +apg, - v(;f)W Y. x, (29)

From (26), (28) and (29) it follows that for j =i,

- a1
= [(1-a)(1-p¢;)+ (xj)Ws (X -(l-a)X;)—ap G )W zsxk¢k] (30)
and, from (27),
¢ =+ 21— )1 - )+ — (X (- ) X,) - ap > x4 G
&, v(x, )W v(x, )W :

From (30) and (31) we find that
Y = Yx-py
e Cik Xk y [X =p 2, ud ]+ pdx;

and using (25) we see that ¢; = 0. Then from (30) & (31), the optimal predictor at & equals

7, -

X-(l-a)X,)-ap

2 ipsm, +—2 (1)1 ph)+ )W o )W D b dm)

=X LT, 0 e - (X=X (x)W > xowm,

v, )Ws

= Fwm+ Zjes(l —a)m,(1=w)il, + B(X; +aX )i, —affit, D x;w,
= 2 T+ D [ =a)m +afs](-w)i, + 1,

To= zies(/hi(l — W, +mw,y;) T [, z,‘es fx; . ¢
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4. Prediction intervals based on predictive likelihood

4.1 Coverage measures and simulation set-up

We consider model (2) under the normality assumptions in Section 3.2. It can be shown that,
conditional on y, (Z — E4(Z | y))/+Ve(Z|y) is asymptotically N(0,1) as N - ny — oo provided the x;'s

are bounded as N - ny — o. Hence Z|y is approximately normal for large N - ny, and the (1-a)

predictive interval given by (9) becomes
ENZ|y)tu,V,(Z)

where Usy is the upper a/2 -point in N(0,1). This amounts to regarding N(E,(Z),V,(Z)) asa
predictive distribution for Z. V,(Z) equals (19) if the interval is based on L, (z,m(s)|y), while L, . has

(19) with h(5) and L, ,, has (19) with h(4). Let us denote these prediction intervals by 7, I, and 1.

,mp

Clearly 1, <1, c1,,.

For large ny there is practically no difference between these intervals. However, for small r, they do
differ. To find out how the intervals perform a comprehensive simulation study is undertaken. The
prediction intervals are evaluated by four different measures, (i) the model-based coverage, (i) the
design-based coverage, (iii) the unconditional coverage, and (iv) the conditional coverage given the
data and the guarantee of conditional coverage 1- « . The unconditional coverage is the expected
design-based coverage and is a measure of how the prediction interval does as a method in long run
behaviour in repeated surveys, when regarding the population distribution as a model for how the y-
variable varies over time. This, of course, has been the standard justification for the design-based
coverage, but it is not a correct interpretation. Rather, since the design-based coverage is for fixed y-
values, it only measures the coverage of the interval in hypothetical repeated surveys with fixed y-
values. It can not be used as a measure of coverage in the long run. The precise definitions of the

various coverage measures for a prediction interval /(y,S) for the values z of Z are as follows:

I. The model-based coverage C,,= P, (Z € I(Y,S)|S), over the joint distribution of (¥,2)
II. The design-based coverage Cy = P;(z € 1(»,S)|y,z), over the sampling design,

regarding the total sample S as the stochastic variable.

III. The unconditional coverage C= P(Z € I(Y,S)) (=E (Cy=E (Cp))
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IV. The conditional coverage C(8|y,5)= P(Z <€ 1(y,9)|y,S)

and the guarantee of conditional coverage 1 - = P(C(@Y,8)>1—-«]|9).

The two-stage sampling plan used in the simulation study is as follows:
1. At stage 1, ng clusters are drawn proportional to the x;'s, using the S-Plus function sample().
2. At the second stage, simple random sampling is used with equal sample sizes for each

selected cluster.

As mentioned in Section 1, this is a commonly used sampling plan when the cluster sizes are unknown
before sampling leading to approximately equal selection probabilities for the units. For the simulation

study we assume that v(x) = x in the model for the M;'s.

Note. An alternative confidence interval for Z is obtained by using an estimate I}(fo -Z) of

Var(ZA0 —Z)instead of V,(Z) . Let 17(20 —Z) be obtained by essentially replacing the unknown

parameters in Var(ZA0 — Z) with their estimates. For the sampling plan and model used in the
simulation study it can be shown that, for known p, V', (Z) > I}(ZA0 —Z) and the relative difference can

be substantial especially when the proportion f; = X,/X is small. Hence such an interval will always
give lower coverage than the predictive interval for all four coverage measures. As an example,

consider the case where 1y = 10, n; = 20, N= 110, X = 10* and f; = 0.1.Then the square root of the ratio

VP(Z)/I}(ZA0 —7) isatleast 1.11 when p=.1, 72/ 4> = 2and 6/ B =1.

The approximations to L and to the distribution of Z given y are not valid for small #, and small

m(s),p
N- ny. The simulation study considers therefore mainly moderate and large ny and N- n. Table 1
describes the set-up. The N= 400- case corresponds roughly to a population of the size of Norway with

about 400 municipalities. The four coverage measures are considered for a range of parameter values.
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Table 1. Moderate and large size cases for the simulation study. N is the number of clusters in
the population, ng is the number of clusters in the sample, and x;is the size measure
for cluster i . The cluster sample size n; is equal to 20, and in the variance model for
the cluster sizes v(x) = x.

n; = 20, v(x;) = x;
N=150 N =400
ny =10, 40 ny =10, 40, 100
i X; I X;

1-7 100 1-50 1000

8-19 500 51-180 2000

20-26 1000 181-260 4000

27-40 1500 261-330 6000
41-45 2000 331-365 10000
46-50 5000 366-385 50000
386-395 100000
396-400 250000

The chosen parameter values for the simulation cases in Table 1 are presented in Table 2. Since x; can
be regarded as a preliminary estimate of the actual size m; of cluster i, the regression coefficient S
equals 1 in most of the simulations. Also, we consider y to be essentially positive valued. Then, at

least, £ —37 > 0. Hence, we let the maximum value of the coefficient of variation 7/x to be 1/3. To
avoid negative m; in the simulations, we shall assume that fx; — 4.50\/x_i >0,1e,0/pB< \/x_l /4.5.

With =1, o < \/x_i/4.5 . Hence, for the case of N =50, o <2, and for the case of N =400, o < 7.

Table 2. Parameter values in the simulation study

l-a |.95
£ |.8,1,12
op |1,15,2 if N=50
1,4,7 if N=400
y7, 3,6
7u |1/50,1/30, 1/10, 1/6, V4, 1/3
p |0,.001,.005,.01,.02,.03,.04, .05, .1, .5, .9

Comparisons of the three prediction intervals are presented only for unconditional coverage C. All

other presentations for the cases in table 1 (as well as Table 5) concern /,,,. There will also be a
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broader range of parameter values for C than for the other coverage measures. Regarding the purely
model-based C,, and design-based C,, one may be unfortunate with s, for Cy,, or the simulated
population for C, for some of the chosen values of the parameters. Therefore, these measures are not

used as much as C when coverage dependency on the parameter values is studied.

4.2 Simulation results for the unconditional coverage

The three intervals 1, 1,,, and I, differ only in the component (k) such that I, < I, < Ic. The term

h(k) contributes less than 1/1000 of the interval width, and decreases much more rapidly than V,(2)
as a function of ng. This causes a decreasing difference between the intervals as ng increases, and for
large ng there are practically no differences between the three prediction intervals, as seen in Table 3.

The estimated values of C are based on 100,000 repetitions of simulating population values and

drawing the two-stage sample.

Table 3. The unconditional coverage C for Iy, Iynp and I,c. Parameter values: x =3, 7=1, =1,

p=.5.
N=50, c=2 N=400, c=7
Prediction interval no =10 | ng=40 no=10 | no =40 | ng=100
I, 9110 | .9483 9084 | 9426 | .9484
Lop 9136 | .9485 9094 | 9428 | .9485
L. 9155 | 9486 9101 | .9428 | .9485

From Figure 1, we see that for moderate and large no (= 40) over the range .05 < p <.9 and different

values of o, C is constant slightly below the nominal confidence level 1-a = .95, while for small ng (=
10) C is decreasing with p and increasing with o. We note that, in practice, a small correlation is not
unusual. When p is very close to 0, C is slightly larger than .95. This is due to the fact that p will be

over-estimated when close to 0, causing wider intervals since V,(Z) is increasing as a function of p.
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Figure 1. The unconditional coverage C for I, as a function of p. Parameter values: =1, 4=3
and 7/u=1/3.
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Let us now consider more closely C as a function of np and N. Except for extremely small values of p

it increases as a function of ng, as seen in Figure 1 (as well as Figures 2,3). It seems also to be slightly

N—nyg

connected with N as described in the function .95(1 ——;

-—i) - The similarity is demonstrated in
ny N

Table 4. The relationship between C and (n9, N) was found by fitting a linear regression to a

transformation of C.

Table 4. The unconditional coverage C for Imp. Parameter values: =3, 7=1, p=0.5, =1, 0=2

or7
C 94845 | 94847 |.94551 |.94276 |.94084 |.93089 |.92822 |.91358 |.90937
no 40 100 60 40 25 20 15 10 10
N 50 400 400 400 50 400 50 50 400
95(1- N]—Vno i) 94861 |.94847 |.94656 |.94375 |.94350 |.93338 [.93202 |.91472 |.90701

Figure 2 shows that C depends on & and 7 only for small samples and then through #7u with higher
values when 7/y is extremely small (=.02). This is also found in Figure 4 below for very small ny and
N. Also from figure 2, we see that C seems to be constant over o/ for large populations, when the
sample size is moderate or large no (> 40), and there is a slight increase in C with o/ when N = 50

and no=10.
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Figure 2. The unconditional coverage C for I, as a function of @y, when =1, in 2a), and o/,
when g= 3, 7=1, in 2b). The value of pequals .5.
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To summarize the main features of the simulation results presented in Table 3 and Figures 1,2:

The coverage C which is the expected design-based coverage depends on the parameters basically
through the coefficients of variation o/ and 7/ and the intraclass correlation coefficient p. For ng >
40 and N > 50 the prediction intervals has C essentially constant in the parameters and approximately
equal to the nominal confidence level 1- . Hence, one may say that the prediction intervals are

calibrated with respect to long-run behaviour.

For extremely small p the parameter will be over-estimated as mentioned above. The effect of over-
estimation and the necessity of a correlation parameter in the model is closely studied and presented in
Figure 3. It seems that for p < .01, one may simplify the model by assuming p = 0. We note that C >
.9 for p < .04 for the case of np =10 and N =50. In general, it seems that the loss of information
provided by the prediction interval with this simplifying assumption is the least for small

samples/small populations. To interpret these values of p, it may be helpful to express the model (2) as

in (3). We can express the ratio of within to between variability as z’fv /z'lf =(-p)/ p . For example,

when p= .01 this ratio is equal to 99 and 7, /7, = V99 =9.95. That is, the value p=.01 means that

the variability within the clusters is about 10 times larger than between the clusters. If this is a

reasonable assumption, we may simplify the model by letting p = 0. We also see that p < .04
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corresponds to 7, /7, >2v24 =4.90. In general, if 7, >> 7, thenp=0andif r, <<7,, thenp = 1. For

these two extreme values of p, we have of course also p=0<17,=0 and p=1<17,=0.

Figure 3. The unconditional coverage C for I, as a function of p, 0 < p< .05, for the two cases
i) p=0is assumed and ii) p is estimated. Parameter values: =3, 7=1, f=1.
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.05

Since the prediction intervals are based on asymptotic considerations, we do not expect them to be

calibrated with respect to the coverage measures for small ny and small /. Still, it is of interest to get

an idea of how the coverage properties of the different intervals are in this case. To do this we consider

C for the set-up in Table 5.

Table 5. Small size cases for the simulation study. N is the number of clusters in the
population, ng is the number of clusters in the sample, and x; is the size measure for
cluster i. In case a, the second stage sample sizes are all equal to 3 or all equal to 10.
In case b, the second stage sample sizes are all equal to 10 or all equal to 400.

N=10, ny= 6, v(x;) = x;
Case a Case b
n;=3,10 n; =10, 400
i X [ X;
1-3 50 1-3 5000
4,5 30 4,5 3000
6-38 100 6-8 10000
9,10 50 9,10 5000
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Estimated values of C are presented in Figures 4 and 5, and are based on 10,000 repetitions of
simulating population values and drawing the two-stage sample. It seems clear that /,, is too short
generally while for /,,, it is only for rather extremely small values of 7/x or p or large values of o/
that the coverage is close to the nominal confidence level, and in those cases I, is typically too wide.

As a general impression for all three intervals, it seems that the coverage C is about 95% of the

nominal level for these small size cases.

Figure 4. The unconditional coverage C for Ip, Impand Ipc. N=10,ng =6, p=.5.Ina)as a
function of #7uwhen £=1, o=1. In b) as a function of o/ when p =3, 7=1.
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Figure 5. The unconditional coverage C for I, Imp and Ipc. N = 10, ng = 6. As a function of p
when =1, o=1, u=3, ==1.
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The statistical computing package S-PLUS 6 for UNIX is used in the simulation study and for creating
the graphical displays.

4.3 The coverage measures Cp, Cq4, C(8]y,5), P(C(@]Y,8)>1—a|S)

We shall consider the moderate and large sample cases in Table 1, with parameter values as presented
in Table 2. Box-plot of C,, -estimates from 1000 two-stage samples of size n¢ according to the
sampling plan described in Section 4.1 are shown in Figure 6. Cy - estimates from 1000 populations
are also presented as a Box-plot in Figure 6, showing more variability than C,,. Finally, the "joint"

coverages C over sample distribution and population distribution of ¥,

M, in Table 3 are added to
Figure 6. Since C = E(C,,) = E(C,), the median values in the box plots and C all estimate
approximately the same coverage probability. As expected then, there is very little difference between
these values in figure 6. We note that the variability in the coverages decreases as ng increases, but is
still very large, especially for C; when ng = 100 and N = 400 compared to ng = 40 and N = 50. Also, all

mean values are less than .95, although just very slightly for large sample/large population case.
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Figure 6. Box-plots of 1000 Cq - and Cy, estimates for Imp with f=1, u=3, =1, p= 5.

N=50, o=2 N=400, o=7
n;=10 n;=40 n=10 n=40 n;=100
.96
95 [abl.t - .
o u H & L]
941
(=%
£ o3t
L
g .92F (& Chi Cm
C
g 91 H ) Cd H H . Cm
[=]
“ 90t
.89% c
d
Crn CI‘F! Cd
Cyq Cyg

Next we consider the conditional coverage C(8|y,s)= P(Z €1(y,9)|y,S) and the guarantee of
conditional coverage .95, P(C(€]Y,s)>.95|s). For each case in Table 6 a new sample S is drawn
according to the two-stage sampling plan in Section 4.1 and Z is simulated 1000 times, from its
conditional distribution given the data with the same parameters as for the sampled data, to estimate
C@@|y,s) =FP,(Z<(y,8)|y,9) . This is repeated 1000 times, with respect to the distribution of Y to
estimate F,(C(@|Y,s)>1-a|s). For each case, the simulation is done three times with different s to

see how much the results may vary for different s.
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Table 6. The conditional coverage and guarantee of conditional coverage .95 for Imp. (1000 Z
are drawn using true parameter values, for each of 1000 samples), u=3, =1, p=.5.

Mean C(0|y,s) P(C(01Y,5)=.95]|s) T/ u olp N o

949, .942, 948 .863, .851, .775 1/3 2 400 100
956, .954, .950 .865, .783, .828 1/3 4 400 100
948, .943, 948 814, .756, .787 1/3 7 400 60
944, 944, 944 734, .749, .776 1/3 7 400 40
926, .928, .937 726, .712, 784 1/3 7 400 20
948, .948, .948 .844, 813, .782 1/3 2 50 40
.947,.942, 939 731, .727, 709 1/3 2 50 25
927, .931, .927 .684, .703, .688 1/3 2 50 15
916, .903, .906 .687, .659, .663 1/3 2 50 10
.953,.950, .949 729, .700, .702 1/50 7 400 100
.953,.952, .952 740, .727, 728 1/30 7 400 100
.953,.951, .948 .809, .804, .787 1/10 7 400 100
.952,.956, .946 .813, .853, .800 1/6 7 400 100
.955,.950, .946 .827, .834, .803 1/4 7 400 100

Figure 7 shows graphs of the mean conditional coverage and the guarantee of conditional coverage .95
as a function of p. The simulations are done as for Table 6, and the graphs are based on the average of

ten simulations with different s.
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Figure 7. The guarantee of conditional coverage .95 and the mean conditional coverage for Imp
as functions of p. N =400, 4=3,7=1, =1, 0=17.
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For constant parameter values, the guarantee of conditional coverage .95 is increasing in n for a fixed
N, except when p s close to 0. We also see that the guarantee of 95% conditional coverage is much
less than 95%. This is to be expected of prediction intervals with unconditional coverage C equal to
.95, as mentioned in Bjernstad (1990). If we want 95% conditional coverage 95% of the times, C
needs to be much larger than .95. Table 6 and Figure 7 shows that the guarantee essentially decreases
with p. It also seems that the guarantee is increasing in 7/ for small values until it stabilizes. We

note that the mean C(@] y,S)is an estimate of C,,, and shows a similar pattern as C (in Figures 1,2)

when N = 400 as function of p and 7/y.

The conditional coverage is stochastic in Y, and to get an idea of how the distribution of the
conditional coverage is compared to the probability of being larger than .95, Figure 8 shows simulated
histograms of 4 different cases of (NV,ny) together with the guarantee. The simulation is done in the
same way as for Table 6. For each case, the simulation is performed twice with s selected according to
the two-stage design in Section 4.1. We see that, except when N = 50, ny = 10, the conditional
coverage is larger than .975 at least 70% of the time. It is also possible to show with repeated
simulations of 1000 Z-values that the distribution of the conditional coverage fits well a beta

distribution.
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Figure 8. Histogram of conditional coverage for Ir,p. Parameter values:
u=3,7=1=1,0=2when N =50, c0=7when N =400, p=.5.
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In practice we do not know, of course, the true values of the parameters. Instead we may derive the
conditional level and the guarantee at estimated parameter values. Then it is useful to have an idea on
how these measures perform within one standard error (s.e.) of the true values, and also at the
estimated values. Table 7 presents s.e. for the different parameters, from the simulation used to derive

table 6, based on 1000 draws of the data Y=y.

Table 7. Estimated standard errors for the estimates of parameter values based on 1000

repetitions
N no u=3 =] p=1 o=7o0r2 |p=.5
400 100 .073 .039 .0038 507 (=7) |.040
400 40 114 .059 .0046 768 (o=7) |.061
400 10 230 115 .0076 1.517 (o=7) | .127
50 40 114 061 .0076 223 (0=2) |.062
50 10 237 112 .0136 443 (o=2) |.124

To get an indication of how C(@ | y,s) will behave as function of 8 within 1 s.e. of the true values,

table 8 presents results where the parameters are changed one at a time. Also in Table 8 are included
the results for the guarantee of estimated conditional coverage. Here, Z is drawn 1000 times from the

conditional distribution given the data with parameter 0* different from the true 8 used to sample the

data, to estimate C(6*|y,s) =F,.(Z €(»,5)|»,S). This is repeated 1000 times, with respect to the true
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distribution of Y to estimate F,(C(6*|Y,s)=1-a|s). For each case in Table 8 a new sample s is

drawn three times according to the two-stage sampling plan in Section 4.1.

Table 8. The conditional coverage and guarantee of conditional coverage .95 for Imp, when Z
are drawn from a population with non-true parameter values. Standard error ( s.e.)
from table 7.
True values: =3, =1, =1, =7 when N = 400, c =2 when N =50, p=.5

Mean C(6*| y,S) By (C(6*|Y,s)>1—a]s) N, ng Parameter values 0* for
VA

949, 955, .958 .805, .827, .816 400,100 true
919, 911, 917 755, .792, 753 400,100 U =3+s.e., else true
948, 951, .949 .833, .845, 817 400,100 r=1+s.e., else true
947, .953, .944 .804, .831, .802 400,100 P =I+s.e, else true
.953,.954, .942 .841, .833, .800 400,100 o =7+s.e., else true
945, 944, 938 .829, .761, .781 400,100 p=.5ts.e., else true
.986, .981, .985 921, .931, .928 400,100 0
998, .998, .995 997, .998, .998 400,40 0

.999998, .999994, L, 1,1 400,10 0

.999996

.953,.953, .959 .853, .843, .823 50,40 0

9997, .9997, .9997 11,1 50,10 0

It seems that the guarantee is most sensitive to change in g From the simulated results of
EHC(é |Y,s)and F, (C(é |Y,s)>1—a|S) we also see that, except for the case N = 50, ny = 40, the
estimated conditional coverages overestimate the true conditional coverages (see Table 6) by a large

degree. It is therefore questionable how interesting this measure is in practice as regarding the

coverage property of a given prediction interval.

It is of interest to see how the parameter estimates affect the true conditional coverage. In order to do
this we performed a simulated logistic regression analysis for N = 400, ny = 100, based on 1000
simulated observations of Z for each of 1000 simulated Y-values. This gives us 1000 observations in
the regression analysis and for each observation of Y, the number of Z-values in the given prediction
interval as the dependent variable with explanatory variables being functions of parameter

estimates £, 7, etc., and. It turns out that (2 — ) has a large negative effect, decreasing C(6 | y,S) to

a high degree, while C(8| y,S) seems to increase with increasing estimates of p and 7 . The estimates
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of 3,0 do not seem to influence the conditional coverage significantly. When p is underestimated or

A is very different from u, C(@| y,S) can be very low compared to the nominal level. Still, typically,
the estimated conditional coverage C(é | v, s) will still be close to the nominal confidence level.

Hence, as also noted from Table 8, C (é | ¥, S) may not be an informative measure on the conditional

property of the prediction interval for a given data set. Therefore, a data-based measure of coverage

should be a plot of C(€|y,S) as a function of 6. This measure also satisfies the likelihood principle

for prediction, as noted by Bjernstad (1996).

4.4. A summary of the simulation study

We concentrate on the moderate and large size cases in Table 1. The three prediction intervals are
compared using the unconditional coverage C and they achieve practically the same C-level, even for
the moderate sample size of 200, i.e., when ny= 10. In this case C is typically around .91 when p> .1,
96% of the nominal level of .95. The coverage C is at least .94, when the sample size is at least 800 (1o
= 40) and approximately .95 for the large sample case of 2000 (o= 100) for either case of population
size and through out the range of the intraclass correlation coefficient p. The only exception occurs
when pis very close to 0. Then p is typically overestimated, leading to slightly larger prediction
intervals than "necessary" with C ranging from .955 to .96. In general when p s close to 0, say less
than .01 (i.e., the variability within the clusters is expected to be about 10 times larger than between
the clusters) one may simplify the model buy assuming that p = 0 when deriving the prediction

intervals.

The simulation results indicate that the unconditional coverage is essentially independent of all
parameters except for p when n is at least 40. For the case of ny= 10, C seems to depend on 7 and
p,o through the coefficients of variation 7/x and o/f, decreasing in 7/u and slightly increasing in o/f.
Even though C is approximately .91 for most parameter values, when 7/ is very small C achieves the

nominal level of .95 also in this case.

Regarding the model-based coverage C,, the box-plot shows that for N=50, ny= 10 it varies in the
range .913 £ .006 for 50% of the selected samples, while for N=400, n,= 10 the similar range is .908 £
.006, for N=400, no= 40 the range is .942 £ .005 and for N=400, ny= 100 & N=50, no=40 it is .949
.005. Hence, C,, shows approximately the same pattern as C. The interquartile ranges for the design-
based coverage C, are .915 +.010, .908 £ .008, .944 + .007 and .949 £ .006 for the same four cases

respectively, showing a larger variability than C,,.
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For large sample sizes, the coverage measures C, C,,, and C, achieve approximately the nominal level
1- in most cases. The coverage measures are slightly less than 1-¢ for moderately sized ny, and about
95% of the nominal level for small ny, except for p = 0. It therefore seems that the critical value u,,
from N(0,1) in the prediction intervals is slightly too small for small and moderate ny. Regarding the
interval /,,,, based on the predictive likelihood L,,,, we note that L,,, is a mixture of a normal
distribution and a multivariate t-distribution with n, - 2 degrees of freedom. One alternative is
therefore to use the upper o/2-point in the #(n,-2)-distribution instead of u,, when n, is not large, at
least when ng is less than 40. Some preliminary simulations regarding C,, indicate that this choice may

work well for small values of n.

The guarantee of conditional coverage 1 - « is essentially increasing in 7y and decreasing in p. The
conditional coverage is typically larger than .975 when the nominal level is .95, and guarantee of

conditional coverage .95 varies from about .70 to .90 with largest values for p close to 0.

5. Concluding remarks
We have considered two-stage cluster sampling with unknown cluster sizes before sampling, deriving
predictor and prediction intervals from a predictive likelihood. Optimality properties of the predictor

and coverage properties of the prediction intervals have been studied.

Predictive likelihood is derived for the model (2) assuming that the random variables are normally
distributed. Considering a predictive likelihood for the unobserved part Z of the population directly
does not work, mainly because Z is a sum of a stochastic number of random variables. Therefore,
predictor and prediction interval is obtained from a joint predictive likelihood for Z and the vector
M(s) = (M,),,, - The predictor obtained from the predictive likelihood is ZO = E;(Z|y), where 0 is

igs *

the vector of MLE for the parameters in the model.

Optimality theory for a class of model-unbiased predictors linear in the Y;'s, but not simultaneously in

both Y;'s and the clusters sizes M;'s, under the distribution-free model (2) is developed. It is shown
that the predictive likelihood-based 20 (with the intraclass correlation p estimated by an ANOVA

approach instead of MLE) is approximately uniformly optimal for large sample size and large number
of clusters, in the sense of uniformly minimizing the mean square error in the class considered for the
distribution-free model (2), generalizing results in Kelly and Cumberland (1990) and Valliant et al.
(2000). A typical model for the M's is to let v(x) = x. If also the sample sizes at the second stage are
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equal (the common case for the pps-srs sampling plan), then 20 is uniformly optimal for known p. In

particular this holds in the simplified model where it can be assumed that the intraclass correlation is

negligible, i.e. we let p=0.

Three prediction intervals for Z based on three similar predictive likelihoods are studied. They are all

of the form 20 *u, V,(Z) , where Uy is the upper a/2-point of N(0,1), and V,(Z) is the variance in

the normalized predictive likelihood. For small number 7, of sampled clusters they differ significantly,
however, for large n, the three intervals are practically identical. A comprehensive simulation study
for estimating confidence levels, both model-based and design-based is undertaken. The prediction
intervals are evaluated by four different measures; the model-based coverage C,,, the design-based
coverage C,, the unconditional coverage C (expected design-based coverage), and the conditional
coverage given the data and the guarantee of conditional coverage 1- « . Roughly, the simulation
study indicates that for large sample sizes (about 2000), C,C,, and C, achieve approximately the
nominal level 1 - & and are slightly less than 1 - & for moderately large sample sizes (about 800) For

small sample sizes (about 200) these coverage measures are about 95% of the nominal level.
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