March 2004

Compensated Variation and Hicksian Choice Probabilities
in Random Utility Modelsthat are Nonlinear in Income

by
John K. Dagsvik
and

Anders Karlstrom

Abstract:

In this paper we discuss Hicksian demand and compensating variation in the context of discrete
choice. Wefirst derive Hicksian choice probabilities and the distribution of the (random) expenditure
function in the general case when the utilities are nonlinear in income. We subsequently derive exact
and simple formulae for the expenditure and choice probabilities under price (policy) changes
conditional on theinitial utility level. Thisis of particular interest for welfare measurement because it
enables the researcher to compute the distribution of Compensating variation in asimple way. We also
derive formulae for the joint distribution of expenditure, the choice before and after a policy change
has been introduced.

Keywor ds: Random expenditure function, Compensated choice probabilities, Compensating
variation. Equivalent variation.

JEL classification: C25, D61

Acknowledgement: We wish to thank Marten Palme, Thor O. Thoresen and Steinar Strem for useful
discussions and comments that have improved the paper. We are particularly grateful to areferee
whose suggestions have improved the exposition of the paper substantially. Thanks to Anne Skoglund
for excellent word processing and proof reading.

Address: Corresponding author; John K. Dagsvik, Research Department, Statistics Norway,
P.O.Box 8131 Dep., N-0033 Oslo, Norway. E-mail: john.dagsvik@ssb.no



1. Introduction

In this paper we discuss the properties of the expenditure function and compensated (Hicksian)
demand within the theory of discrete choice with particular reference to the analysis of compensated
variation.* Since the theory of discrete choice is based on arandom utility formulation, it follows that
the corresponding expenditure and demand functions are random. In this paper we follow the standard
random utility framework as set out in, e.g., McFadden (1981). Specifically, we obtain explicit
formulae for the Hicksian choice probabilities and the distribution of the expenditure function.
Hicksian choice probabilities have been discussed aso by Small and Rosen (1981), within a somewhat
different framework. Subsequently, we derive the distribution of the expenditure and the demand
under price- or policy changes conditional on the utility being equal to the initial utility level. An
immediate implication is that we readily obtain exact and convenient formulae for the distribution of
Equivalent Variation and Compensated Variation (cv), which facilitates the analysis of welfare effects
of changing prices or other attributes associated with the choice alternatives.

When the (random) utility function is nonlinear in income analytic formulae for the
distribution of cv has so far not been available. Different approximations have been suggested in the
literature. Morey et a. (1993) have used arepresentative individual approximation, while McFadden
(1999) has developed a Monte Carlo simulator for computing cv in random utility models which
converges to the true distribution of cv. Using this simulation method, Herriges and Kling (1999) have
investigated the empirical consequences of nonlinear income effects based on a particular empirical
application. Aaberge et al. (1995) have used a Monte Carlo simulation to compute equivalent
variation. For a state-of-the-art review, see Herriges and Kling (1999) or Karlstrém (2001).

In the case where the model belongs to the additive Generalized Extreme Value (GEV) class
the formulae become particularly simple.? Asiswell known, the choice probabilities for the GEV
model can be expressed by simple closed form formulae and when the (indirect) utility functions are
linear in income, the so-called log-sum formula can be applied to calculate sound welfare measures.
However, when the utility function is nonlinear in income, no anal ogue to the log-sum approach
exists.

Let us briefly review the notion of cv in random utility models for discrete choice. Let U;
denote the utility of alternative j and assume that

Uj=v;(w;.y)+e;,

wherey represents income, w; is a vector of attributes including price associated with alternative j,

vj(~),j:12,..., are deterministic functions and ej,j:LZ,..., are random terms with joint distribution



that does not depend on the structural terms {v j (-)} 2 Then (ignoring the choice set in the notation) cv

is defined implicitly through
max, (vj (W?,y°)+ej): max, (vj (Wj ,yl—cv)+sj)

where {W?,yo} represent initial attributes and income, and {W j ,yl} are the attributes and income

implied by the policy. From an analytic point of view the difficulty of deriving aformulafor the

distribution of cv stems from the fact that when the new attributes {W j

} are introduced then the
alternative that yields maximum utility may be different from the one that maximized utility initially.

In other words, the individual agent may switch from the aternative chosen initially to a new one,

when the policy isintroduced. In this paper it is assumed that the random terms {e j} are not affected

by the policy intervention. This seems reasonable if the error terms {e, } characterize tastes. It isless
reasonableif {e,} alsoincludes unmeasured attributes of alternatives, which may be altered by policy.

In general, theinitial error terms {&}} (say), may thus differ from the error terms {e, } (say), after

policy. The dependence between {&;} and {e, ] will of course depend on the interpretation and

modelling assumptions. For more discussion on this issue, see Heckman and Honoré (1990),
McFadden (1999) and Carneiro et al. (2001).

One particular interpretation not explicitly covered by the above mentioned authors regards
the evaluation of cv when some time has elapsed after the policy were introduced. In this case tastes
may have changed from their initial values due to psychological factors. Dagsvik (2002) has
considered discrete choice behavior in this type of setting. He deduces an explicit representation of the
dependence between the error termsin two pointsin (continuous) time from an intertemporal version
of the Il A assumption. This extended version of I|A accommodates serially dependent error terms due
to what can be interpreted as taste persistence.

In addition to analysing the properties of cv, we derive formulae for the joint distribution of
cv, theinitial choice, and the choice after the policy intervention. Thisis useful in situations where one
wishes to analyze how a specific policy may induce transitions from the initial chosen alternativeto a
new alternative, given that the utility level is kept unchanged. The distribution of cv is also useful for
computing welfare measures based on weighted population means, as discussed by Hammond (1990).

When the utility function islinear (or separable) in income then the calculation of the mean
cv becomes simple, at least within the GEV class, as mentioned above.



The paper is organized as follows. In Section 2 the discrete choice framework is presented,
and in Section 3 compensating choice probabilities and the random expenditure function are defined
and the corresponding distribution functions are derived. In Section 4 we derive compensated choice
probabilities and the distribution of the expenditure function under price changes conditional on a
utility level equal to theinitial level under different assumptions about the random terms of the utility

function. In Section 5 we discuss how the results obtained above can be extended to the case where the

structural part (vj ) of the utility function depends on random coefficients. In Section 6 we treat the

special case where the random terms of the utility function are multivariate extreme value distributed,
and in Section 7 we consider the case with independent and identically extreme value distributed

random terms. Section 8 discusses the application of the results obtained to particular examples.

2. The setting

We consider a setting in which a consumer faces a set B of feasible alternatives (products), whichisa
subset of the universal set S of alternatives, S={1,2,...,M}. The consumer’s utility function of

aternativej is assumed to have the form
D Uj=vi(w,y)+e,

where y >0 denotesincome and w; is avector of attributes including price of alternative j. The

function vj(-) is assumed to be continuous, decreasing in the first argument and strictly increasing in
the second, and it may depend on j.
Let FB(-) denote the joint cumulative distribution function of {e, , ke B}. We assume that

F() = F°()) possesses a continuous density. Thus the probability of tiesis zero.
We shall first assume that the joint distribution of {e, } does not depend on {v, (w,,y)} .

This may, however, be restrictive in some applications. Suppose for example that

v, (w;,y)=v,(w,,y;B) wherep isarandom coefficient. In this case the utility structure can be

expressed as
U; =V (w;.yiB)+€
where Eg denotes the expectation with respect to 3 and the new error term e] is defined by
g =v;(w,y;B)-Eyv, (Wj,y;[3)+ej .
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We thus realize that in this case the error terms {ek} become dependent on {vk (WY B)} . In Section

5 we discuss how to treat caseslikethis.
It iswell known that one can express the Marshallian choice probabilities (i.e. the choice

probabilities that correspond to Marshallian demand) by a simple formula. For notational simplicity,
write B={1,2,...,m}. Then the Marshallian choice probabilities are given by

2 PB(ij!y)EP(Uj:rPE%XUk)ZIFjB(u_Vl(Wl’y)’u_VZ(WZ'y) ----- U_Vm(Wva))du

where F* (X;,X,,....X,,) denotesthe partial derivative with respect to x; and w = (W, W,,...,W,).

Hereit is understood that income and prices, (y,w) are given.

If {ak ke B} are random variables with multivariate extreme value distribution, then G®

defined by

© exp(—=G® (X, Xg,ee X)) = P(ﬂ (g, < xk)|y,wJ
keB

has the property”

(4) G® (X1, Xy, X ) =€ 7 G (X, = Z,X, = Z,..., X, — Z)

for ze R. The corresponding Marshallian choice probability is given by

G;B (—Vl(Wl,Y),—Vz(Wzay)v"’_Vm (Wm'y)).
GB (—Vl(Wl,Y),—Vz(Wzay)v"’_Vm (Wm'y))

(5) PB(j,W,y):—

Thisformulaiswell known and is found in a completely equivalent form in for example McFadden
(1981).

Remark

When the joint distribution of (U,,U,,...,U,, ) isamultivariate extreme value distribution,

type I11, then the marginal distribution of U; has the form
P(U,<u)= exp(—exp(vj - ur))

for ue R, wherev; and 1> 0 are parameters.” Thisimplies that one can write



1:Uj:vj+sj

where
P(e; <x)=exp(-€™).

This meansthat when (U,,U,,...,U,, ) ismultivariate extreme value distributed the utility function has
an additive structure in the sense that each random term is distributed according to the standardized

(type I11) extreme value distribution exp(—e™) .

3. Therandom expenditure function and Hicksian (compensated)
choice probabilities
We now proceed to discuss the notion of random expenditure function that corresponds to the above
setting.
It isimmediate from (1) that the indirect utility function

(6) Ve (W’y)ETE%X(Vk(Wk'y)+8k)

has (for given {e, }) the standard properties of such functions deduced by Roy (1947), and exploited
by McKenzie (1957), Diewert (1974), Varian (1992) and others. Specifically, so long aslocal non-
satiation holds, V; (w,y) is quasi-convex and homogenous of degree zero in prices and income, non-
increasing in prices, and increasing in income, and can be inverted to give an expenditure function

Yg (w,u) satisfying the identity

(7) u=Vg(W,Yg(w,u)).

Thefunction Y, (w,u) is concave and linear homogeneous in prices and increasing in u, and by

Shephard’ s lemma satisfies almost surely the property that its price derivatives exist almost
everywhere and equal the Hicksian demands (provided suitable differentiability conditions hold).
These propositions hold under very general conditions, including the case of discrete alternatives; see
Diamond and McFadden (1974), and McFadden (1978b).

The genera properties listed above are, however, not immediately practical for deriving the

distributional properties of the expenditure function and the Hicksian choice probabilities. Instead of



starting by defining the expenditure function through (7) we find it more convenient and intuitive to

start with the dlightly more rigorous formulation

(8) Ys(w,u) ={z:V, (w,z)=u}.

In (8) the expenditure function is given as a set, but we shall see below that this set is asingleton. The

expenditure function given in (8) can be readily computed asfollows. Let Y, (w,,u—¢,) be

determined by

9) Vi (Wi, Yy (Wi u—g, ) +g =Uu.

Dueto thefact that v, (w,,y) isstrictly increasinginy, Y, (w,,u—g,) isuniquely determined. The
interpretation of Y, (w,,u—eg,) isasthe expenditure required to achieve utility level u, given

aternative k with attributes wy. We realize now that the expenditure function can be expressed as
(10) YB(W,u)erilek(wk,u—sk).

It therefore follows that with probability one the set Y g(w,u) is a singleton. Thus, the expenditure
function can be defined uniquely by (8).
We shall see below that the setup aboveisvery useful.

Theorem 1

Let B={1,2,...,m}. The expenditure function, Y, (w,u), isuniquely defined by (8),
continuousin (w,u), increasing in the price components of w and strictly increasing in u. Moreover,
if v (w,, ) isconcavein the price component for all k, Y, (w,u) isconcavein prices. For

y,>0,y,>0,..y,>0,

an P(Y, (W u=£)>¥,.Y, (Wo U=8,) > Voo Y (W U= £,,) > Vi)
=FP U=V (W, Y3 ) U=V, (Wy, Yy ) oo U= Vi (W, Vi) -

Furthermore, the distribution of the expenditure function is given by

(12) P(Ya(W,u) S y) =1 F® (U=vy (Wy,y) U=V, (W5, Yol = Vi (W, Y))

for ue R,y>0.



For the sake of bringing out the central arguments we have chosen to present the proof below

instead of deferring it to the appendix.

Proof:

From (9) it follows that since v, (w,,y) iscontinuousiny and the price component of w,
decreasing in the price component of w, and strictly increasing iny that Y, (w,,x) is continuousin x
and the price component of wy, increasing in the price component of wy and strictly increasing in x;
see for example Rudin (1976), Theorem 4.17. Hence Y, (w,,u—¢, ) iscontinuousin u and the price
component of wy, increasing in the price component of wy and strictly increasing in u. It follows
immediately from duality theory that if v, (w,,y) isconvex in the price component then Y, (w,,x)
will be concave in the price component. Due to the fact that B isfinite it follows from (10) that
Yg (W, u) will also be continuousin u and the price components of w, increasing in the price
components of w and strictly increasing in u. Since minimum of concave functions is concave (10)
asoimpliesthat Y, (w,u) isconcavein prices. Furthermore, since v, (w,,Yy) isstrictly increasing in

y weredize that (9) implies that

Y, (w,u-—g)>y} = {v (w,,y)+g <u}.
Hence, for y, >0,y, >0,...,y,, >0, we get from (10) that

P(ﬂ (Yk(Wk’u_gk)>yk)j:P[ﬂ (Vi (Wi Yi ) +& <)

keB keB
= F® (U=Vy (Wp, Y1) U=V, (Wp, Y ) e U=V (W, Vi) )

which proves (11). Eq. (12) then follows immediately from (10) and (11) by setting y, =y for al k.
Q.E.D.

Theresult in (12) is quite intuitive since (9) and (10) yield that

P(Yg(w,u)<y)=P(Vg(w,y)>u).



The event {YB (w,u) < y} means that the amount y is higher than or equal to the expenditure required

to achieve utility level u. Evidently, this event is equivalent to {V, (w,y) > u} . The latter event isthe
statement that the utility implied by incomey is higher than—or equal to u.
By imposing differentiability conditions on {vk (W, y)} one can sharpen the result of

Theorem 1 to yield almost surely differentiable expenditure function in prices, as mentioned above.

The notion of Hicksian- or compensated choice probabilities does not seem to have appeared

previously in the literature. Our definition of this concept follows next. Let J, (w,y) denote the

choice from B given attributes and income (w,y).

Definition 1

By Hicksian choice probabilities, {PE? ( j,w,u)} ,we mean

Pa (1. w,u)=P(Jg (W, Y (W,u))=j).

The interpretation of PQ (j,w,u) isasthe probability of choosing je B given that the utility
level is given and equal to u. For example, if prices change the consumers are ensured income
compensation so asto maintain agiven utility level.

Note that the Hicksian choice probabilities can also be expressed as

(13)  F(jw,u)= P(YJ-(W- U—Sj):YB(W’U)):P(Yj(WJ-’U—SJ-):QliE[\Yk(Wk,u—ek)).

j?

Theorem 2

The Hicksian choice probabilities can be expressed as

Ry (j.w,u)= FjB(u_Vl(Wl’y)'u_VZ(WZ’y) """ U_Vm(Wm’y))Vi (Wi 'dy)

Ot—,3

for ue R.

Proof:
From (13) and (11) in Theorem 1 we obtain that



P(Yi (wj,u—gj): Yg (W, u),Yg (w,u)e (y,y—dy))

= P(YJ (w;,u—g)e (y,y—dy),kgi\H}Yk(Wk,u—ek)2y)

(14)

= P{YJ (w,u—g)e(y-dyy), [ (Y. (Wk,u—ak)zy)]
keB\{j}

=F2(u=v, (W, Y),u=V,(W,,Y),..u=v, (W,.y))V, (Wj,dy).

The result now follows by integration with respect to y.
Q.E.D.

From Theorem 2 we realize that one can cal culate the Hicksian choice probabilities readily

provided the cumulative distribution F®(-) is known since only a one dimensional integral is involved
in the formulae for P (j,w,u).

To bring out the symmetry of the Marshallian and Hicksian choice probabilities, recall that
similarly to (14) one has that

(15) P(Jg(w,y)=]},Vg(w,y)e (uu+du))=F>(u-v,(w,y),u—-v,(w,y),..u-v, (w,,y))du,
from which the corresponding Marshallian choice probability follows by integration. Thus the only
difference between (14) and (15) isthe “ Jacobian” , v, (w;,dy) , associated with the choicej. This
Jacobian is due to the change of variable from u; to y;, where u; = v, (Wj,yj) :

The next result is useful for calculating moments of the expenditure function.

Lemmal
Let H be a probability distribution. Then for any o >1

I x*d H (x) :aT x“(1-H (x))dx

0

where the two sides exists or diverge together.

Theresult of Lemma 1 iswell known, but for the reader’ s convenience we provide a proof in

the appendix.
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Corollary 1 (Shephard’s Lemma)

Suppose v, (w;,y) =, (y—w,; W, ), for some suitable function y; that is continuously

differentiable in the first argument, where wy; is the price (user cost) associated with alternative j and

w;; denotes other attributes. Suppose furthermore that EY, (w, ,u—¢,)<eo for all ke S. Then

EY; (w,u)<eo, and

JEY, (w,u .
WD o wu).
W, |
Proof:
Note first that
ov. (w.,y -V (w.,y
1( i ):_le(y_wlj’WZj): 1( i )

oW, ay

where y, (X,w,; ) denotes the derivative with respect to x,x & [0,=). Since

EYs (W,u)<EY, (w,,u—¢g,) forany ke B the expectation of the expenditure function isfinite.

Hence, by Lemma 1 and (12)

JdEY, (w,u)

=9 j'FB(u—vl(wl,y),u—vz(wz,y),...,u—vm(wm,y))dy}/awlj
oW, °
v, (w;.y)

dy =P (j,w,u).
Jy y B(J )

:J' F° (u—vl(wl,y),u—vz(wz,y),...,u—vm(Wm,y))
0
Above, integration under the integral sign is possible, since the integrand is continuous and the
integral evidently converges.
Q.E.D.

We recognize the result of Corollary 1 as a probabilistic (or aggregate) version of
Shephard' s Lemma. It states that the partial derivative of the aggregate expenditure function with
respect to the price of aternative j yields the fractional compensated demand. The structure

v;(y—w,;,w,;) of the systematic part of the utility of alternative] is quite general and covers the

standard discrete choice settings. Thisisin contrast to the corresponding duality result in the
Marshallian case. As McFadden (1981) has discussed, the Marshallian choice probabilities follow

11



from the mean indirect utility function, by means of Roy’ s identity, only when utility islinear in

income.

4. The probability distribution of the expenditure function and
the choice under price changes conditional on theinitial utility
level

We shall next consider the problem of characterizing the distribution of the expenditure function and
the choice probabilities when the utility level equals the (indirect) utility under prices and income that

differ from the current prices and incomes. To this end we consider atwo period setting. In period one
(theinitial period) the attributes and income are (WO y° ) . In the second period (current period) the
attributes and income are (W, yl) . As above, it is assumed that the respective random terms remain

unchanged under attribute changes. In general, when attributes change it may yield a decrease or an
increase in the agent’ sindirect utility. Furthermore, the highest utility may no longer be attained at the
aternative chosen initially, and consequently the agent will switch to a new alternative, namely the
one that maximizes utility under the new attribute regime. In the current setting, however, the
(indirect) utility level is kept fixed and equal to the initial level. But the agent may still switch from the
initially chosen aternative to a new one because, after the attributes change, the utility of theinitially
chosen alternatives may no longer coincide with the new indirect utility.

Let usfirst consider the joint distribution of the initial choice and the current expenditure

given that the utility level isequal to theinitial utility level. Formally, thisisthejoint distribution of
(YB(W,VB(WO,yO)),JB(W°,y°)) . Theinterpretation of YB(W,VB(WO,yO)) is as the expenditure

function conditional on the utility level that corresponds to income level y°.

Theorem 3

Let v, (w,y°.w ) and h(w’,y°,w,y) be defined by

v (Wy7) = v (W y (WP w))

and
b (wf,y° W, y) = max(v; (w,y) v (w,y°)).

Thejoint distribution of YB(W,VB(WO,y)) and Jg (w°,y°) is given by

12



P(YB(W,VB(WO,yO))>y,JB(WO,yO):i)
=P (WP w.y)+ & = max(n (WY w.y) + 4, )
jF ( wO Y, ,Wl,y),u—hz(vv(z’,yo,wz,y),...,u—hm(vv0 y°, ,y))du

for ie B, and O<y<y,(w,y’w). When y>y, (w,y°,w)

P(YB(W,VB(WO,yO))> y,JB(WO,yO)zi)zo.

From Theorem 3 we notice that the joint distribution of the expenditure, given the initial
utility level, and the initial choice, can be expressed as a choice probability.

Although the result of Theorem 3 follows from Theorem 4 below we have given an
independent proof of Theorem 3 in the appendix. Thisis of interest because it demonstrates that if one
isonly interested in the distribution of the expenditure function there is no need to proceed viathe
result of Theorem 4, which is more complicated to prove than the result of Theorem 3.

Theintuition of the result of Theorem 3 can be perceived as follows: Since

{¥a (W, Ve (W0y°)) >y} e {Vs (w,y) < Vg (w,y°)}

it follows that the alternative that is chosen initialy has utility that is the highest utility initially and
also higher than the highest utility in the second period. Hence, if alternativei is chosen initially and

current expenditure is higher than y it must be true that v, (wy,y°)>v; (w;,y), and

Vi (WP, y) e =h (WP, yo,w,,y)+ =max(VB(W,y),VB (W°,y°))=max(hk(wﬁ,yo,wk,y)+sk).

keB
From Theorem 3 we immediately obtain the conditional distribution of Y, (W,VB (Wo,yo))

given theinitial choice J; (w°,y°). Notealso that y <y, (w;,y°,w; ) impliesthat
h (WP, y%.wi,y)=v, (w,y°).
To state the next result it is convenient to apply the following notation

9 |k<wz,yo,wk,y>={1 v (W) <vi (W),

0 otherwise.

13



The next corollary follows from Theorem 3 by summing over i€ B.

Corollary 2

The distribution of Y, (w,vB (w°.y°)) isgiven by

P(YB(W,VB(WO,yO))> y)

for y>0.

Note that it follows from Theorem 3 that

P(YB (W,VB (W°,y°)) > y):O
when
y = maxy, (wf,y°,w; ).
Recall that the Compensation Variation measure (cv) is defined as
cv:yl—YB(W,VB(W,yO)).

The distribution of cv thus follows directly from Corollary 2.
Let Jg (wo,yo,w) denote the current choice from B, given the current and initial prices and
income (W,Wo,yo), and given that the current utility level equalstheinitial one, V, (W°,y°) . Thus,

J5(w°,y°,w) isdefined by

J; (wo,yo,w) =Jq (W,YB (W,VB (Wo,yo))) .

Let us next consider the joint distribution of the current expenditure, the current and the
initial choice, given that the utility level is kept equal to theinitial utility level. That is, we shall

consider the joint distribution of (YB (W,VB (Wo,yo)),JB(wo,yo),J;(WO,yo,w)).

14



The reason why we consider the joint distribution of the expenditure and the initial and
current choices, given that the utility level isequal to theinitial utility level, isthat it may be of
interest in policy simulations because it enables us to calculate cv conditional on theinitial- or current

choice, or both.

Theorem 4
Let

C(w®,y° w,y) ={k: vy (W, y) 2 v, (w),y°)] .

—

We have that

P(YB(W,VB<WO,yO))G dy, Jg (W,y°) =i,35 (W°,y° .w) = j)

when i e B\C(wo,yo,w,y), je C(wo,yo,w,y) , where F;; denotes the derivative of F with respect to

componentsi and j. When i ¢ B\C(w”,y° w,y), j& C(w’,y’,.w,y)

P(YB(W,VB(WO,yO))e dy, Jg (W°,y°) =i, J5 (w,y%.w) = j)=0,

For j=ie B, and y:yi(vvlo,yo,w),

P(YB(W,VB(WO,yO))= v, Jg (Wo,yo)z J;(Wo,yO ,W)=i)= P, (i,w,y).

When y =y, (w,y*,w),

P(YB(W,VB(WO,yO))e dy, JB(WO,yO)zJ;(Wo,yo,w)zi)zo.

A proof of Theorem 4 is given in the appendix.

Note that we have expressed the result of Theorem 4 as a differential of the c.d.f. If

v, (w i y) is differentiable with respect to income the corresponding joint density exists.
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Wheny issuch that C(w®,y°,w,y) and B\C(w’,y°,w,y) are non-empty, the agent must
switch from theinitial chosen alternativei (say) in B\C(W°,y°,w,y) to an aternative within
C(w®,y°,w,y) to achieve Y, (W,VB (Wo,yo))e dy, unless y =y, (w/,y°,w, ). Thisis so because

B\C(w®,y°,w,y) containsthe most attractive alternativesin the initial period while C(w°,y°,w,y)

contains the most attractive aternatives in the current period. Equivaently, if j#i then

P(YB(W,VB<WO,yO))G dy, J (W°,y°) =i, Jg (w,y°,w) = j) >0

ity (w0 w;) <y (wf,y%.w,) and y; (w9,y°,w;) <y <y, (w,y°,w, ) . Otherwise this probability
equals zero.

The result of Theorem 3 shows that only a one-dimensional integral is needed to calculate

the joint probability density of

(YB (W,VB(WO,yO)),JB(WO,yO), J*B(wo,yo,w))

provided F”B (Xq,- X ) isknown. However, in cases where one only has closed form expressions for
the density of F®(X,,X,,...,X,, ), such asin the Multinomial Probit case, a m— 2 dimensional integral
is needed to calculate R (Xy,....Xp,) -

The result of Theorem 3 enables us to calculate compensating “transition” probabilities

given by

P(JB (We,y%)=i, 35 (w°,y°,w) = j).

This expression represents the probability of going from i to j when attributes change from w® tow,

given that the utility level is kept fixed and equal to the initial utility, V, (Wo,yo) , and given that the

error terms remain unchanged. Specifically, we have that the joint probability of choosing i initially

and j in the current period equals

P(Jp(W’,y°)=i, & (W’ w)=j)= | P(YB(W,VB(WO,yO))edy,JB(WO,yO)zi,J;(WO,yO,W))

16



where the integrand in the above integral is given in Theorem 4. From this expression the conditional
probabilities of the current choice given theinitial choice follows. In some cases it may be of interest
to calculate the fractions of such “compensated” transitions that follow from a specific policy
intervention. Furthermore, one can similarly calculate the change in the choice probability given that
the utility level iskept equal to theinitia utility level. The latter expression equals

o (o)1) o)1)

for je B.

Remark

The results obtained in Theorem 3 and Theorem 4 are derived under the assumption that the
choice set B is the same before and after the price change. However, these results can be slightly
modified to apply also in cases where the choice set changes. Suppose for example that alternative 2

was availableinitially but is removed as part of a policy intervention. One can conveniently

accommodate for this by letting w, become very large so that v, (w,,y) becomesvery small. Asa

result we obtain that

hz(Wg-vaZ’Y)zvz(Wg-yo)

and that
2¢ C(yo,y,wo,w).

From Theorem 3 and Lemma 1 it follows that the mean and variance of Y, (W,VB (WO,yO))

can be calculated by the formulae

EY, (W,VB (Wo,yo))

17) yi(wpy%w;)
:Z j JFiB(u—hl(wf,yo,wl,y),u—hz(wg,yo,wz,y),...,u—hm(Wom,yo,wm,y))dudy,
ieB 0
and
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E(YB (W,VB (Wo,yo)))2

(18) i (wP.y%w,)
SO [ (0 (WP W), (W )i (WP )y
icB 0

5. Modelswith random coefficients

Above we assumed that the random terms of the utility function were independent of the respective

structural terms. We shall now relax this assumption. Specifically, we now suppose that
U;=v(w;.yiB)+g,

where the notation above means that the systematic part v, (W s [3) depends on a vector of

parameters 3 which are random and distributed on a suitable space. We assume, however, that B is
independent of (&,,¢,,...) . A special case of this type of models is the so-called Mixed Multinomial

Logit Model (MNL). The mixed MNL model has recently become popular because it provides avery
general random utility modeling framework that is convenient to apply in empirical applications, see
McFadden and Train (2000).

We realize that Theorem 3 still holds when B is given, i.e.,

P(YB(W,VB(WO,yO))>y, JB(WO,y°)=i|B)
= [ B (u=hy(wg,y®,wy,y:B),u=h, (W3,y°, Wy, ¥iB),....u=hy (W, ¥, W, yiB) ) du
for O<y<y, (W?,yo.wi;B),where Y, (Wi",yo,wi;B) is determined by

Vi (WiO'yO;B)ZVi (Wio'yii (wi",yo,wi;B);B)

and

hy (w?,y°,w,,yiB) = max(v, (w;,y:B),v; (w],y":B)).

Consequently, we get

18



i)

(YB )) >y, 3, (w',y’) = i)z EP(YB (W,VB (Wo,yo)) >y, 3, (w’y°) =i|[3)

=1 (whyw, yB) F* (u—h, (wg,y wy,yiB) u—h, (we,y*, w,,yiB),su=h, (wo,y*,w,,y;B))f (B)dudp
where f(j3) is the probability density of 3 and

1 if v (w,y;B)<v (woy°
| (w?,y" w,,yiB) = ((.yiB) < (o B)
0 otherwise.
Note that the interpretation given in Theorem 3 till holdsin this case.
The corresponding results for Theorem 4 and the results given above are completely

analogous.

6. Specialization to the case with multivariate extreme value dis-
tributed error terms

McFadden (1978a) introduced the GEV class of modelsthat followsif F isamultivariate extreme

value distribution function. The GEV class represents no essential restrictions on the class of random

utility models, since Dagsvik (1994, 1995) and Joe (2001) have demonstrated that one can

approximate any random utility model arbitrarily closely by GEV models. This class contains the well

known Multinomial Logit and Nested Logit models which has proven to be very important in applied

work.
We shall state how the general results obtained in Theorem 4 simplifiesin the case where

F(-) isamultivariate extreme value distribution. For simplicity, we only state the joint density of

(Yo (w:Va (W7,y?)). 3o (wP,y°). 3o (W, w))

for the case when

Js (Wo,yo) #Jg (Wo,yo,w).

Corollary 3

uppose F(°) isa multivariate extreme value distribution. Then
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P(Ye 0 () 43 (0 ) i35 (0 )=
(66667 v, ()
(&)

when i # j,i,je B and y; (w),y°.w, )< y<y (w,y°,w ), where

G® =GP (—hy (wh,y" Wy, Y) =y (W0, Y° Wy ) o= (WE Y7 W) )
GP =GP (=h (W0, y° W, Y) =, (WY W) o=t (WE Y7 WY ) ),

GP =GP (—hu (wh,y" Wy, Y) =y (W8, Y° Wy ) o= (WE Y7 W) )

and G®(") isdefined in (3).

The proof of Corollary 3 isgiven in the appendix.

Thus, the result of Corollary 3 impliesthat in the case where the random terms are

multivariate extreme value distributed, one can rather easily compute the joint density of the

expenditure function and Js and J; . Note that no integration is needed here.

The next corollary follows directly from Theorem 3.

Corollary 4

Suppose F(-) isa multivariate extreme value distribution. Then we have, for ie B, and

0< y<yi(vv|°,y°,wl),that

and
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for y>0.

From eq. (17), Lemma 1 and Corollary 4 we obtain that

EY, (W,VB (Wo,yo))
(19) A GB (—hy (WY, Wi,y ) =hy (W, Y% W,y ) e =h (WS, Y0, Wi,y ) )l

-2 |

o G®(=h, (W), y°wy,y),=h, (W3, Y%, W, ), =hpy (W0, Y°, W,y ) '

Thus, formulae (19) can be applied to compute the mean Compensating Variation

Yy —EY, (W,VB (Wo,yo))

under the assumption of Corollary 4.

7. Specialization to the case with i.i. extreme value distributed er-
ror terms

When the error terms arei.i. extreme value distributed the Marshallian choice probabilities reduce to

the Luce model- or the Multinomial Logit model. In this case the distribution of Y, (W,VB (Wo,yo))

becomes particularly simple.

From Corollary 4 we immediately get the next result.

Corollary 5

Suppose ¢, ,¢,,...,& » areindependent and standard extreme value distributed. Then for

ieB,and 0< y<yi(w|°,y°,wl)

eXp<Vi (Wio’yo))
Z exp(maX(Vk (W, Y)Yy (WE ,yo)))

keB

P(YB(W,VB(WO,yO)) > y,JB(WO,yO):i):

and
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2N (of ¥ y)ex(vi (wy"))
P(YB(W,VB (W Y )) > y): zap(max(vk (Wk,y),vk(vvg’yO)))

keB

for y>0.

From eqg. (17), Lemma 1 and Corollary 5 we obtain that

(20) EYB(W’VB(WO'VO))Z;:exp(vi(wio’yo)) f Zexp(max(vk(\?vt,Y),Vk(Wﬁ’yo))).

keB

Similarly to eg. (19), eg. (20) can be applied to compute the mean Compensating Variation

y'—EY, (W,VB (W°,y°))

in the case where the random utilities havei.i. extreme value distributed error terms.

8. Examples

Example 1
Consider aNested Logit model with 4 alternatives where joint c.d.f. of the error terms of the

utilitiesis given by

(21) eXp(—G(lexz,Xg,X4)) — eXp(—e‘Xl _ge _(e—x3/e L )9)

where 6¢€ (0,1] and 1-6° hasthe interpretation as the correlation between the error terms of the

utilities of alternatives three and four. For simplicity, write h,(y) =h, (w?,y%,w;,y). We then get

G; (=hy(y),~h,(y),—h5(y),—h,(y)) i

G(=hy(y),=hy(¥).=h3(¥).~h,(¥))  ghtn) 4 gho) +(erw3(y)/e+eh4(y)/e)e
for ie{1,2}, and

0-1
_Gi (—hl(y),—hz(y),—hs(y),—h4(y)) _ (ehs(y)/e +eh4(y)/e) eh (y)/e

G(—hy(y),=hy(¥),~hs(¥),=h,(y))  gu 4 gho Jr(em(y)/eJrem(y)/e)e
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for ie{3,4} . Recall that h,(y)=v, (w;,y°) when I, (w’,y°,w;,y)=1. From Corollary 3 we get that

P(YB(W,VB(WO,yO))>y)

(22) y 1 (wp,y°,w, ,y)ev‘(wio‘yoh (€7s/0+ gnatvyo )Hi L (w?,y°,w, ,y)evi(wio’yo)/e
i-1 =

&) + €0+ (1004 )0 )e

for y > 0. Furthermore, the corresponding mean expenditure follows from (19) and equals

Yi(W’ 0

2y
0

4 i(wlyow) (ehs(Y)/9+ gha(v)/0 )9—1 evi(wf’,y")/e dy

+Y .[

9"
i=3 0 ehl(Y) + ehz(y) + (eha(Y)/e_+_ ehA(Y)/e )

w) (w5

e'( dy

0
ehl(Y) + ehz(Y) + (eh3(Y)/e+ ehA(Y)/e )

EYB(W,VB(WO,yO))zi

i=1

(23)

When 6 =1 we get the Multinomial Logit model. In this case we immediately see that (22) and (23)
are indeed consistent with Corollary 5 and (20).

Example 2
In this example we assume that a new alternative enters the choice set in the current period.

The setting in the initial period is asin Example 1, whilein the current period the joint c.d.f. isgiven

by
(24) exXP(—=G Xy, X5 X3, X4, X5 )) = eXp(—(e‘Xl +ee 4 (e 4 4 gl )e))

where alternative 5 denotes the new aternative. Thus (21) follows from (24) by letting X, = oo in (24).

As mentioned above, results obtained in this paper can still be used to find the distribution of the
expenditure function. Thisis abtained formally by assuming that also 5 alternatives are available

initially, thus B={1,2,3,4,5} , with v, (wg,y°)=— . Thisimpliesthat h(wg,y°,w,y)=v,(ws,y),

for all y. Therefore, a straight forward extension of (22) and (23) with I, (wg,y°,w,,y)=0, yields
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P(YB (W,VB(WO,yO)) > y)

(25) Zzl (W20 W,y ) (") (gey g gtan/e) 24: L (wP,y°,w,y) et
i=1

= i=3

e )+ gh ) + (ehs(y)/ 04 /oy gis(sy)/o )9

for y>0, and

yi(wPy®w;) e (w?y°)

(26) =_§

6
e+ eh(y) + ( /0 4 ha/0 4 ave(ws.y)/6 )

RAERD ev‘(wio’yo)/e (ehs(y)/9+ /oy gis(Ws )/ )9*1 dy

5
im0 @y gh +(em(y)/e 4+ /e +ev5(w5,y>/9)

Example 3
In this example theinitial setting isasin Example 1, while in the current period alternative 4

has been removed and is no longer available. Similarly to Example 2 this case is dealt with by letting
B={12,34}, v,(w,.y)=— sothat h,(y)=v,(w3,y°),and I,(wg,y°,w,,y)=1foraly. Asa

result we obtain from (22) and (23) that

P(YB (W,VB (W°,y°)) > y)

2 o ,,0 Vi(WiO’yo) h3(y)/6 V4(Wg’yo)/9 ot 0 ,,0 vg(wgy / v w4y /e
(27) > Ii(wi Y, ,wi,y)e +(e3 +e ) (Is(w3,y ,w3,y)e

_ =

Q) 4 () +(er13<s«>/6+ev Wiy’ /")
for y>0, and

,W.) v, (W,D,yD

Jdy

) 4 gh) +(eh3(y>/e+ev Wiy’ /9)

G}

@ ) [ I 0y
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where y, (Wg,y°,w, ) =eo.

Example 4

Suppose that the error terms of the utility function arei.i.d. with extreme value c.d.f., and

vi(wy)=v(y-w,)+a

where y>0 isaparameter and g isaterm that is supposed to capture non-pecuniary aspects of

dternativej. Inthiscaseit iswell known that

R A R R R I |

keB keB

We shall now use the result of Corollary 4 to compute the c.d.f. of Y, (W,VB (w°,y°)) .

P(YB(W,VB<WO,yO)) > y)

(30) Z I <Wi01y01Wi ,y)ey(y‘)—w?)m?
= icB
Z Ii (Wio,yO,Wi ,y)ey(yo_w?)+a0+ew Z (1_ Ii (WiO,yO,Wi ,y))e—ywi +a
icB ieB
where
O_ 3
(Wl wy) = y<y =y ew, —w+ 2 v&

0 otherwise.

Consider finaly (30) in the special case when B ={1,2,3} . Supposethat y, <y, <Y,. Thenit follows
that 1, (w?,y°,w;,y)=0,for i=1,2,3 when y>y, and I, (w,y°,w;,y)=1, for i =1,2,3, when

y<Y,. Therefore

(31) P(Ya (W, Ve (W,y°))>y) =0, for y2y,,

P(YB (W,VB (wo,yo)) > y):L for y<y,,
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AR

ew"—vvv§’+a8 +aV [eai—wvl 4 gl M, ]

(32) P(Ye (w.V, (w',y°)) > y) =

when y, <y<y,, and

e’ —wival | ew°fw12+a8

(33) (Yo (w.V, (w',y°)) > y) =

ew"fw%a? n evy"—wv3+a§ 4 @YWt

wheny, <y<y,.
Let usfinally check that we get (27) when we use (20) and (31) to (33). For notational
simplicity let b, =a, —yw; and b’ =a’ —yw?. Then we have that vy, =vy° +b’ —b,, and

0 0
Vi (eWO +b; + eW°+b3 )dy Vs ewo+bg dy

EY, (W, Ve (Wo,y°)) =y, + | | :
o[V (W957)) =, jp €T T @ T e (e )

By multiplying the numerator and the denominator of the respective integrands by €™ we realize that

integration isimmediate and the last expression reduces to

1% 9 0\ 1V o
y, == | Iog((ewo*bl +eW°*b3)e W +ebz)__ | |Og(ew°+b3 W h +eb2)

’Y Y2 Y Y1
o Elog(eb?”(yo_yl) pei ) g ) + llog(ebf e ) | g j
Y v
—llog(ebg”(yoy”) +e e ) + lIog( ) L e e )
v Y

0
=y%+ b;~b, —llog(e”g*bf"f +e™ +e ) + llog(e"g”fbg T - )

—Elog(e‘% +e™ +eb2)+ilog(ebg*bl’bf +e™ +eb2)
Y v

:y°+w+llog((eb? +e” +eb3)eb2‘bg)—llog(eb1 +e” +¢e%)
Y Y ¥

=y° +llog(ebf + e +eb3)—llog(eb1 +e” +e%)
v
whichis egqual to (29).
9. Conclusion

In this paper we have demonstrated that the notion of random expenditure function and compensated

choice probabilities can be readily adapted within a discrete choice setting. We have moreover derived
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convenient analytic formulae for the Hicksian choice probabilities and the distribution of the
Expenditure function and Compensating Variation. In particular we show that an aggregate version of
Shephard’ s Lemma holds under rather general conditions. We have considered several special casesin
detail. When the model belongs to the GEV class the formulae simplifies. As argued by McFadden
(2001), this method it to be preferred to using simulations. Finally, we have discussed severa
examples. Although we have focused on Compensating Variation in this paper, the derivation of the
distribution of Equivalent Variation is completely analogous.

27



Footnotes:
! Karlstrém (1998) and Dagsvik (2001) have independently obtained many of the same results asin
this paper, although the proofs are different.

? See McFadden (1978).

® Note that the present notation accommodates the specification v j (w i y) =V, (y - wlj,wzj) for some

function ; that may depend on j, wy represents non-pecuniary attributes and wy; the price (or user

cost) associated with alternativej.

* In addition G° must satisfy a number of regularity conditions to ensure that exp(—GS(xl,...,xM )) is

aproper distribution function, cf. McFadden (1978).

> Here we adopt the definition of typel, Il and 111 extreme value distributions used by Resnick (1987).

Other authors use different enumerations.
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Appendix

Proof of Theorem 3:
Recall first that

{Ye(w,u)>y} = {Vy(w,y)<u}
which implies that
{YB (W,VB (Wo,y")) > y} & {VB (W,y)< Vg (Wo,y")} :
If JB(WO,yO):i , the last event implies that v, (Wi",yo)>vi (w,,y) . Moreover,
P(YB(W,VB(WO,yO))>y,JB(W°,y°)=i)
:P(VB(W,y)<VB(W°,y°):vi (W?,y°)+ei)
=P v, (w/,y°)+¢, Zmax(max(vk(wﬂ,y°)+ek),max(vk(wk,y)+sk)D

keB\{i} keB\{i}

keB\{i}

(
=P(vi(w?,y°)+ei2 aX(hk<Wg’y0’Wk’y)+8k))
(

h (w,y°.w,.y) = max (hy (wp,y%, w,,y) +e,))

This completes the proof.
Q.E.D.

Proof of Theorem 4:

Consider the event

Yo (W, Vo (W, y°)) =y, d, (W0, y°) =135 (W, y",w) =}
"
}

Thisimpliesthat v, (w,,y)+¢, 2v;(w{,y°)+¢; and v, (w],y°)+g >V, (w,,y)+¢ whichis

< (Wj’y)+81=Vs(WaY)=VB(W01yO)=Vi(W?,y°)+ai}
v (w,

LY)+E =V, (Wf’,yo)+ei,kerrljz\agi(}(vk(W‘;,y")+ek)SVi (w?y°)+e,, max(vk(Wk,y)+sk)Svj(wj,y)+ej}.

keB\{j}

equivalentto v, (w,y)2v,(w,y°) and v, (w;,y)<v, (w’,y°).
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It follows next that for small Ay

P(YB<W Ve (WO!YO))G (y:y'*‘AY),JB(WO,yO)=i,J;(W°,y°,W):j)

keB\{j}

:P(vi (W, y°)+e =V, (W,y°),v, (w,.y)+¢, <V, (W*,y°) v, (w,,y+Ay) +e,, max (v (wk,y)+ek)SVB(w°,y°))
)

:P(Vi<Wi0,yO)+8i =V, (W*.y°).v, (W, y) +e, <V, (w°,y°), max(vk(wk,y)+sk)SVB(W°,y°))

keB\{j}

i°,y°)+e-:i =V, (Wo,yo),vj(Wj,y+Ay)+gj SVB<W°,y°), max(vk(Wk,y)+ek)sVB(Wo,yo))+0(Ay)

ke B\{j}

:P(vi<wf’ y°)+e >m?é(vk(wﬁ,y°)+ek),vj(Wj,y)+8j <v, (wW),y°)+g,v, (w),y°)+e, >krr;z\a{>l<}(vk(wk,y)+sk))

—P(vi (w?y°)+e, >krrllgz\a{x}(vk(wﬁ,yo)+ek),vj(Wj,y+Ay)+ej <v, (WP, y0)+g.v, (w),y°)+e, >kmBz\a{>]<}(vk(wk,y)+ek))
(

Now recall that since ie B\C(Wo,yo,w,y) and je C(WO,yO,W,y) we have that

vi(wp.y)=h;(w?,y°w,,y) and v, (wf,y°)=h, (w?,y°,w,,y) . As aresult the probabilities above

can be written as

(A.2)
p(hi (WP, y%.w,,y)+e = max(hk (Wﬁ,yo,WkaY)+8k))

keB

—P(hi(wf’,yo,wi,y)+gizvj(wj,y+Ay)+£j,h(W YW,y +e, >max(hk(w(k’,y°,wk,y)+ek)j

ke B\{j}

+0(Ay).

We realize that the last expression has the structure as the difference of two choice probabilities (apart

from o(Ay)). Hence, (A.3) can be written as
I (wy.y° Wl,y) ..... u—h,, (W)Y w . y)u-v,(w,y+4y),...u-h, (wd,y°w, y))du+o(Ay)

( w,,y+Aay)-v, (w,,y) IFB u- h W,y°,w1,y),u—hz(wg,yo,wz,y) ..... u-h (W Yo W y))du

which yields
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(A3) P( Yo (W, Vg (w°,y°))e dy, 3g (w°,y°) =i.3; (w®.y*.w) = ]

:vj(wj,dy)_[FijB(u—hl(wf,yo,wl,y),u—hz(wg,y ,Wz,y) ..... u—hm(W?n,yO,Wm,y))du
forie B\C(wo,yo,w,y) and je C(wo,yo,w,y) , and zero for i ¢ B\C(wo,yo,w,y),
je C(WO,yO,W,y), i#].
For j=i it followsthat
P(YB(W,VB(wo,yo)):y,JB(wo,yo):J; (wo,yo,w):i)
(A4 _ P(Vi (Wio’yo) =V, (Wi »Yii (WiO'yOvWi ))’Vi (Wi()!yo)+8i > kLT]BE\‘%i(}(Vk (Wg-yo)erk )j
:P(JB(WO,yO):i)
for y=y, (WIO YW, ) . Moreover, the expenditure function in this case has measure zero outside the
point y, (wy,y°,w; ).
Note finally that i e B\C(WO,yO,W,y) and je C(WO,yO,W,y) means that
v(Wi,y)<v(Wi°,y°) and v(wj,y)zv(w‘f,yo),which is equivalent to

y (Wi yow)) <y <y, (wiy’w,).
This completes the proof.

Q.ED.

Proof of Lemma 1:
Suppose first that

]i X“dH(X) <.
Thenforany b>0
(A.5) T x*dH(x) > b“T dH(x) =b"(1-H(b)).

When b — « theleft hand side of (A.5) tends towards zero, which yields
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(A.6) Limb“ (1-H(b))=0
Using integration by parts we obtain that

(A7) T X*dH(x) +b* (1-H(b)) = ocf X**(1-H(x))dx

0

When b — «, (A.6) and (A.7) imply that
(A.8) [ x“dHE) = af x** (1= H(x))dx
0 0
so that the right hand side of (A.9) also exists. Suppose next that
[ xdHE) =
0
Then (A.7) impliesthat also

]: H1-H(x))dx =co.

Hence we have proved that (A.8) holdsin either case.

Q.ED.

Proof of Corallary 3:

From Theorem 4 and homogeneous property of logF® when F®? is a multivariate extreme

value distribution we get, with h, =h, (w?,y°,w,,y),

From this result the result of Corollary 3 follows.

Q.E.D.
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