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1 Introduction

This paper presents an empirical method for aggregating micro markets in dise-
quilibrium. Aggregation is done using a probabilistic (stochastic) approach based
on the virtual price formulation of a non-Walrasian model presented in Andreassen
(1995). This approach can be viewed both as an extension of the virtual price ap-
proach of Lee (1986) and of the smoothing by aggregation approach first suggested
by Muellbauer (1978). The use of virtual prices makes it possible to take into ac-
count that some a,genté may be rationed in some markets or that their optimization
may lead to corner solutions. Such considerations are especially important in the
labor market.

The present aggregation approach is based on many restrictive assumptions, and
should therefore be viewed as a tentative step towards understanding how different
distributions of technology and tastes (and thereby of rationing) influence aggregate
relationships. An important aspect of the paper is that it discusses the empirical
interpretation of the probability of a match in a market and looks at the general re-
strictions inherent in such an approach. The main part of the paper gives conditions
under which it is possible to estimate the structural parameters in a multi-sectoral
macroeconomic model from aggregate data when there is rationing in the labor
market. In addition the aggregation approach used leads to different indicators of
disequilbrium. The results of the paper are illustrated through some rudimentary
estimation results leading to the preliminary conclusion that the model is misspec-
ified due to its static nature and that future research should therefore concentrate
on extending the model to a dynamic setting.

There is a large literature on the estimation of econometric disequilibrium mod-
els, starting with the seminal works of Fair and Jaffee (1972) and Rosen and Quandt
(1978) which examined single markets under fixed prices. Estimation methods for
two- market models, such as the theoretical neo-Keynesian models first developed

by Barro and Grossman (1971) and Malinvaud (1977), were developed by among



others Ito (1980). Recent work within the neo-Keynesian econometric framework
take as a starting point micro markets and use the so-called smoothing by aggregation
approach. This method has been utilized in among others Burkett (1988), Lambert
(1988) and Dréze and Bean (1990). Micro markets are taken to be small efficient
markets where it seems reasonable to postulate that only one side of the market can
be rationed at one time. This assumption is commonly referred to as the min con-
dition and implies that all advantageous trades are carried out in the market. The
smoothing by aggregation approach assumes that supply and demand in the micro
markets can be modeled as consisting of a structural part and a stochastic residual.
Assuming that the residuals are distributed in the same manner in all markets, ag-
gregation to the macro level is achieved by integrating over micro markets. At any
one time some micro markets will be in excess demand while others will be in excess
supply, so that at the macro level both sides of the market may be partially rationed
at the same time. In a neo-Keynesian macro model this means that there can be
Keynesian unemployment at the same time as there is classical unemployment. The
smoothing by aggregation approach starts with micro demands and supplies and is
not based on explicit utility and profit maximization.

A survey of theoretical and econometric modeling of disequilibrium is given in
Andreassen (1993). A recent review of the main advances made in the applied
disequilibrium litterature is given in Laroque and Salanie (1993). They especially
discuss the problems connected with aggregation and price dynamics.

Lee (1986) suggests an alternative method for estimating econometric models
with many markets based on using virtual prices to describe disequilibrium. By
using the notion of virtual prices he overcomes earlier difficulties in finding a com-
putationally tractable method for estimating models with more than two markets.
Lee’s method is based on representative agents without explicitly considering ag-
gregation. Andreassen (1995) extends Lee’s approach by taking into account that
there can be many agents, including government production, an open economy and

by explicitly discussing the impact corner solutions have on estimation. Despite the



use of simple specifications, it is apparent from this paper that when there are a
large number of markets, the computational burden of estimation becomes heavy
due to the large number of possible rationing regimes. It therefore seems neces-
sary in multi-market econometric work to either work within a representative agent
framework or, as in this paper, to develop methods for aggregating across micro
markets.

The aggregation method presented in the present paper is based on specifying
the distribution of virtual prices across the population. Assuming, as in Lee (1986),
that they are log-linear and, as in Andreassen (1995), that they are extreme value
distributed, it is possible to use aggregate time series data to estimate and analyze
structural relationships in the labor market in the presence of rationing and corner
solutions. The exogenous wage distribution is also assumed to be extreme value
distributed. The aggregation method discussed in this paper is explicitly based on
utility and profit maximization through the use of virtual prices.

The economic model on which aggregation is based is the non- Walrasian model
presented in Andreassen (1995). The model is only concerned with short term equi-
libria and considers investment, exports, and government behavior (tax rates and
the budget constraint of the government firms) as exogenous, along with prices and
wages. The main reason for considering these as exogenous is analytical tractabil-
ity, but it can be argued that decisions regarding these variables cover a longer time
period than decisions regarding consumption and production. Imports, the trade
surplus, tax revenue, the public budget deficit, and changes in the money supply
are endogenous. Production and consumption inputs of a good are transacted on
the same product market at the same price. There is one non-produced commodity
in the model which will be referred to as money. Money enters both the utility
and production functions as a means to facilitate transactions and because it is the
sole means of transferring liquidity over time (there are no financial markets in the
model).

The model is based on the assumptions that prices and wages do not instanta-



neously clear markets (though they may be flexible over time) and that the economy
at any time is in a Dreze equilibrium. In a Dreéze equilibrium all transactions are
the result of utility and profit maximization subject to all quantity constraints that
exist. In addition only one side of each market can be rationed at a given time.

An important assumption is that each combination of firm and individual is
considered a separate micro labor market, implying that the number of micro labor

‘markets in the model is equal to the number of consumers times the number of
firms. This assumption plays a vital role in the aggregation procedure because
it implies that there will be only one seller and one buyer in each micro labor
market. In principle it is possible for a firm to use all types of labor and all types
of commodities as inputs and it is possible for an individual to be employed in all
the firms in the economy and to consume all types of commodities. Such a large
and general opportunity set both for the firm and especially for the individual will
naturally lead to a large number of corner solutions which it is necessary to take
into consideration. The assumption that each combination of firm and worker is a
separate labor market can be seen as an extreme way of modeling the heterogeneity
of jobs and labor. It does not seem plausible to make a similar assumption for goods.
Firms are for example rarely interested in the characteristics of their customers. This
is the main reason why we in the following concentrate on aggregating across labor
markets.

Government firms are included in the model to explicitly take into account that a
significant share of employment in many economies takes place in the public sector.
Another reason to include government production is that it constitutes a significant
portion of the output in many economies and is often subject to severe rationing
(for example health care). Government production is assumed to be used only by
consumers, consists only of individual products (we assume there are no public
goods), is not an input to other production, is not an investment good, and is never
exported. The government sector may buy investment goods from private firms and

from abroad. It is assumed that the government levies two types of taxes, one on



labor income and one on commodities (production and consumption inputs) and
hands out lump-sum subsidies. There is no tax on investment goods or on exports.

The next section discusses some general issues which arise in the aggregation
approach used in this paper. For this approach to be empirically useful it is nec-
essary to interpret empirically the probability that a certain individual works in a
particular firms, the probability that the individual wishes to work in this firm, and
the probability that the firm wishes to hire this individual. An important conclu-
sion drawn from this discussion is that seemingly innocuous assumptions lead to
fairly strong restrictions which apply irrespective of how the details of the model
are formulated.

Section 3 discusses the virtual prices on which the aggregation method is based
under assumptions that imply log-linear virtual prices. These virtual prices are
those that arise in the model discussed in more detail in Andreassen (1995). The
parameters in these relationships can be interpreted as structural parameters in the
agents’ utility and production functions.

Section 4 describes how unobserved heterogeneity is assumed to be distributed
across individuals and firms. Section 5 derives the labor force probabilities implied
by the model and functional forms discussed in section 3 and the distributional
assumptions made in section 4. It also presents aggregation results for the goods
markets and discusses estimation based on the derived aggregate relationships. Fur-
thermore, in this section different indicators of disequilibrium in the labor market
are discussed and the papers aggregation approach is compared to the smoothing
by aggregation method.

Finally, in section 6 som empirical illustrations are presented for a model with
one type of individual and four types of firms. The estimation is based on fairly
short time series covering 16 years and some of the data are fairly poor (for example
data on money demand). For this reason the empirical results presented are mainly

of an illustrative nature.



2 Empirical interpretation of labor market prob-
abilities

Before discussing the specific assumptions and specifications employed in this paper,
it is important to understand some general restrictions inherent in the probabilistic
approach used. Central to this approach is the probability, as seen by the econo-
metrician, that there is a match in a micro market, P(I3 > 0), where [}, is the
transacted amount of labor supplied by individual ¢ to firm k. If there is such a

match we must have that the min condition is satisfied,
5 >0 = min(l5,R), (2.1)

where [5, and [ are respectively the Clower supply and the Clower demand for labor
in the micro market consisting of consumer : and firm k. Clower demands (supplies)
were first suggested in Clower (1965). They are the demand (supply) for a type of
labor which arises when maximizing utility subject to the budget constraint and
all quantity constraints except the quantity constraint which applies to the market
in question. This in constrast to Dréze demands (supplies) which are the result of
maximzation subject to all the constraints which apply. Since the Dréze demands
take all constraints into account they will be equal to the observed transactions
and will not signal any rationing. As long as we assume that the min condition
I3 = min(I5,[]) applies, the use of Clower demands (supplies) to signal rationing
will not contradict our assumption of a Dréze equilibrium.

In the present context a match does not have any search theoretical content
(though it is easy to agree that ideally it should), but only implies that min(l5,, (]) >
0. The probability P(l% > 0) therefore does not reflect uncertainty on the part of
the agents, but only describes the econometrician’s knowledge (or lack of knowledge)
about the behavior at the micro level.

The probability P(I;; > 0) is not readily observable, but under certain assump-

tions can be indirectly observed from observations of the number of persons em-
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ployed, @. One of these assumptions is that @ can be given the probabilistic inter-

pretation

Q = N-P(f:l;po), (2.2)
k=1

where N is the total number of potential employed (which can for example be as-
sumed to be all individuals between the ages of 16 and 74) and M is the total
number of potential firms. Equation (2.2) says that total number of employed per-
sons is equal to the number of potential employed times the probability that any
one individual is employed. The employment rate @ /N can in the same manner be

interpreted as the probability of an individual working in at least one firm,

M
% = P(;l;‘k>0)

= 1-(1-P( > 0)", (2.3)

where (1 — P( > 0))™ is the probability of individual ¢ not working in any firm.
The econometrician does not observe any differences among the different persons or
firms (any heterogeneity is unobserved) and therefore takes the probability P({% > 0)
to be the same for all ¢ and k. The expected (average) number of jobs held by an
individual given that he is employed, A, can be written

M M

A = ZP(I;-“k >0 )0 >0)’

k=1 k=1
M -P(l3 >0)
P(Ti, 5 > 0)
MN

= —Q—P(lfk > 0) _ (2.4)

where the last equalities follow from equation (2.2). Combining equations (2.3) and

(2.4) and rearranging leads to

Q A-Q log(1—P(l; >0))

lgl-%) = —§ P(i;, > 0)

(2.5)



When there are many micro labor markets we can assume that P({};, > 0) is small’
and therefore that

log(1 -P(l5 >0)) _

P(i;, > 0) ~

when log denotes the natural logarithm. Setting this expression equal to -1 implies

~1 (2.6)

that the average number of jobs held by an employed individual will be
N

A = —-alog(l—%). (2.7)

Assuming as an exarﬁple that the employment rate is @/N = 0.685 (as observed
in Norway in 1991), we get that the average number of jobs held by an employed
individual will be A = 1.65. From the Norwegian Survey of Living 1991 we have
that over a five year period the average number of jobs held was 1.76. Equation
(2.7) implies that the employment rate determines the average number of jobs held
by the individuals so that an increase in the employment ratio @/N will increase
A. It is important to note that these results do not depend on how we specify our
model later in the paper, though the above results do depend on P({% > 0) being
small. If the approximation in equation (2.6) holds, we have that equations (2.4)
and (2.7) imply that

M-P(5, >0) = —log(1— %). 2.8)

From equation (2.8) it is apparant that we cannot identify M and P([} > 0) sep-
arately. The number of potential firms M is unobservable and at the same time
constitutes the set over which the probability P({% > 0) is defined. Giving the vari-
able M an arbitrary value can therefore be viewed as a necessary normalization of
the size of the potential economy. If we exogenously determine the value of M, we

then can calculate P(l%, > 0) as

] 1 Q
P(l3>0) = i log(1 — ’1\7), (2.9)
Uf P@5, > 0) = 0.1 then E’Bilp%\o)sﬂll = —1.05, while if P, > 0) = 0.9 then

l—og%"('T?(Eg))—on = —2.56. In section 6 we find that P(l},) is of a magnitude of 1075 to 1076.
ik
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and the number of firms actually observed, M, will be

N
M = M-P I >0)

=1

M- (1-(1 =P >0)M). (2.10)

There are two other important probabilities which are central to the aggregation
approach discussed in the following. One is the probability that individual : wishes
to work in firm k, P(I5, > 0), and the other is the probability that firm k wishes
~ to hire individual i, P(I{} > 0). Assuming that a value for M has been specified,
these probabilities can be found from the number of unemployed persons U and
the number of vacancies V. It seems reasonable to interpret these two observations
differently. To see this, let I;; be a variable that is equal to 1 if firm k wishes to
employ person 7 (implying that [} > 0) and 0 otherwise. The number of persons the
firms wish to employ can then be written Y%, M I,.. A reasonable probabilistic

interpretation of V' will therefore be

|4

NM -P(I =1)— NM -P(I, > 0)

M-[N-P(R>0)- N-P(}>0)]. (2.11)

In equation (2.11) we have that N - P({} > 0) is the expected number of employees
firm k wishes to employ and N - P({% > 0) is the expected number the firm actually
employs. Taking the difference and multiplying with the total number of potential
firms gives us the number of vacancies. |

The number of unemployed, U, must be interpreted differently, because in most
labor force surveys individuals are only asked whether they desire a job or not.
Letting J; be a variable that is equal to 1 if individual ¢ wishes to work at least in
one firm (implying that 3"}, I3 > 0) and 0 otherwise, the number of individuals who
desire a job will be %, J; and the number of unemployed will be U = N, J; — Q.

A probabilistic interpretation of U is thereby
M M
U = N-P(Y65>0)-P(X 15 >0). (2.12)
k=1 k=1
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Equation (2.12) says that the total number of unemployed is equal to the number of
individuals times the probability that a random individual wishes to work without
finding employment.
In the same manner as for P(TM, %, > 0), we can write P(T, I$, > 0) as
M
PO >0) = 1—(1—=P(5 >0)M. (2.13)
k=1

For a given M the probability P(I5, > 0) can be calculated by substituting from
(2-3) and (2.13) into (2.12) leading to

P(S>0) = 1— (1 - 9;—[])? (2.14)

Substituting from equation (2.9) into (2.11) gives us the probability P(IZ > 0),

|4 1

P(R>0) = -~ — o-log(l— %). (2.15)

It is important to note that equations (2.14) and (2.15) are slightly different in
structure, due to the different interpretations of U and V.

In the following we will present an aggregation method based on the assumption
that the probabilities P(I5, > 0), P(IZ > 0), and P({}, > 0) can be observed for
groups of individuals and firms as discussed above. The relationships derived in
this section and the inherent restrictions of our approach Will therefore apply to our

model irrespective of our choices of functional forms or distributional assumptions.
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3 Virtual prices

Aggregation is in the following based on the model presented in Andreassen (1995),
which has four types of agents: Private firms competing in world markets, pri-
vate firms sheltered from international competition, government firms, and con-
sumers/workers. Consumers maximize utility, private firms maximize profits con-
strained by their revenues in the previous period while the government firms maxi-
mize profits given an exogenously (politically) set budget constraint. All agents are
price takers in both ini)ut and output markets.

Stochastic aggregation assumes that unobserved heterogeneity among firms and
individuals can be modeled by treating the unobservables as random variables with
conventional distribution functions. It can be argued that such a parsimonious
modeling of unobserved heterogeneity is more realistic for parts of the labor market
than for the labor market as a whoie. Different segments of the labor market are
also of interest in themselves. The total labor market is therefore assumed to be
divided into different aggregate submarkets characterized by combinations of type
of consumer and type of firm. All consumers who are of certain type have similar
utility functions and all firms which are of a certain type have similar production
functions. It is at the level of the labor submarket that the paper attempts to derive
aggregate expressions. In principle there is no limit to how many such submarkets
on has, but the number of micro markets in each aggregate -subrna,rket must be fairly
large, since we assume that unobserved heterogeneity within each submarket can be
approximated by continuous probability distributions. The submarkets must also
be such that there are reasonable aggregate data available. The similarities within
each type can be thought of as being the result of earlier choices regarding education
in the case of the consumer and choice of production capital for firms.

In the following we utilize a different indexation from that of Andreassen (1995)
to take into account labor submarkets. Types of private firms are indexed j =

1,---,J where the number of firms of type j is M;, while types of consumers are
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indexed h = J+1,---,J+ H where the number of consumers of type h is Nj. Firms
of type j are in addition indexed by k =1, ..., M; and consumers of type h by ¢ =
1,..., Ni. Each combination of consumer type and type of firm, (h, 7), is considered
an aggregate labor submarket. There are H - J such aggregate submarkets, each
consisting of N3, - M; micro markets. We assume that firm types 1, ..., J, are private
firms while firm types J, + 1,...,J are government firms.

In the following we assume that consumers and firms are never rationed in their
demand for private goods and that the consumers are always rationed in their de-
mand for government goods (firms do not use government goods). This can be
considered a special case of the model in Andreassen (1995), where consumers and
firms could be rationed in their demand for non-traded goods and where the gov-
ernment could be rationed in it’s supply of goods. Private firms may be rationed in
their supply of goods.

All private firms are assumed to be profit maximizers and price takers in both
input and output markets. Each firm uses labor and output from other firms as
inputs and produces one product. The private firms do not use government goods
and services as inputs. The firms’ investments, invj;, and capital stock, K7, are
considered exogenous. Production that goes to investment or export is considered
to be governed by long term contracts (longer than the period we look at) and is
therefore also considered exogenous. We let y;x be firm k-of type j’s production for
consumption and for use as inputs in other firms and let Yj; be this firm’s production
for investment and export. The price for the first type of production, (1 — t2)p;x,
may be different from the price of the second. The commodity tax rate ¢, is the
same for all goods.

If there are imports of a good not produced nationally, we assume that there
is a hypothetical firm which could have produced the good but which finds such
production unprofitable. We assume a asymmetry between imports and exports.
Exports are governed by longer term contracts and are exogenous, while imports

are residually determined and endogenous.
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We assume that the length of production is one period, implying that for all
inputs that are chosen in the current period, output and the resulting revenues will
first accrue in the next period. This results in the private firm being constrained
by a budget constraint similar to that of the consumer. This approach is similar
to that taken in for example B6hm and Lévine (1979). It is a shortcoming of the
model that money is the only means of transferring purchasing power over several
periods. The firms cannot, for example, borrow to finance purchases of investment
goods or other inputs.: It is important in future research to include a more realistic
modeling of financial markets and a dynamic modeling of the firms’ behavior.

Let ln:jx be consumer ¢’s supply of labor to firm k, when consumer ¢ is of type
h and firm k belongs to firms of type j. Consumers have preferences both over
how many hours they work and where they work. This might reflect the different
working conditions in the different firms or the location of the firm in relationship
to the worker. The wage, ws;jk, varies both over individuals and firms within the
aggregate labor submarket Aj. The variable t;, denotes the tax on wage income for
individuals of type h.

Consumer : of type h’s use of good k' of type 37’ is denoted zjixpi, while firm k
of type j’s use of this good is denoted z;sjx. Both consumers and firms face the
same price for this good, pjir. We let m.; denote money holdings by consumer ¢ of
type h and my;; denote money holdings by firm k of type j. Cj; denotes the initial
resources held by consumer i of type h. It is equal to money holdings at the end
of the previous period plus consumer i’s share of profits from the preceding period
plus lump-sum transfers from the government. C%, denotes the initial resources
held by firm k of type j. It is equal to money holdings at the end of the previous
period plus revenue in the previous period minus last periods profits (which are paid
out to the consumers) plus lump-sum transfers from the government. For a more
detailed description of the model, but without the indexation necessitated by the

introduction of labor submarkets, see Andreassen (1995).
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Using the above notation we have that the consumer’s budget constraint is

J M J M
Chi = =YY (1 —ti)whijklnije + D D PikTikhi + Mehi (3.1)
i=1k=1 i=1k=1

while the firm’s constraint is

J+H N, Jp M;
o .
Cho—invie = 3 X waiehije + 2 2 Piwaimwie +mpn- (3:2)
h=J41 i=1 j'=1 k'=1
W £k

For notational convenience we let x;; be a vector of the goods and 1; be a vector

of the labor supplied by consumer i of type h, where we have

Xpe = [muhe,"',$1M1h.',$21hi,“','",wJM,hi]

and

i = [lhiass -5 bhaangyy hinss - o5 iy ]

In the same manner we introduce corresponding notation for the vectors for firm &

of type 7 given by

Xjk = [wujk,“-,-’Ejk-1jk,,ivjk+1jk,'",xJpM,ij]

l] = [lJ+1 15k " lJ+1 Nyy1iks lJ+2 1gksy """ 9" "% lJ+HNJ+ij] .

An important assumption in the following is that the virtual prices are log-linear.

This assumption is consistent with consumer h: having the utility function

J M;
uhi(mchi, xhi,lhi) = (mchi)l_alh — Z Z a;;ijk(lhijk + 1)1+a2hj
7=1 k=1
J M;
+ 222 Gni (Tiwns + 1)1 (3.3)
I1=1k=1
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and firm jk having the production function

Fir(yiks mpins Xiko Liks K3) = yin + Yik — (mpje) =P

J+H Np
= 3 Y by (Thije + 1) Pk (K ) Pend
Jp M;
=2 X Gl + 1)1 P (K )P
j’=1 k'=1
I'k'#5k
-0 (3.4)

where the parameters satisfy

0< ayy < 1, a;:ijk > 0, 0< ﬁl] < 1, ;:ijk > 0,

0 < a2, Cikni >0,  0< Bon; <1, Cipji >0,
0<oazjp<l, 0<,33hj<1,

0 < B4 <1,

0 < Bsjrj < 1.

Both the utility and production function are continuously differentiable, sepa-
rable, and strictly concave. The assumption of separability implies that spillovers
only occur through the budget constraint. The above production function implies
non-increasing returns to scale in m i, X;x, and Ljx. If we assume that S5+ B35 > 1
and B4;; + Bsij > 1 there will be non- increasing returns to scale in all the variables
M giky Xiky Lik, and K T It should be noted that the concavity of the utility function
implies that the consumer prefers to work in a variety of firms rather than working
in only one firm.

Notice that the a and 8 parameters are assumed to only vary between different
types of consumers and firms, while the a, b, and ¢ parameters are assumed to vary
over all individuals and firms.

The above functional forms give a structural interpretation to the log-linear

virtual prices which will be used in the following. Consumers maximize utility while
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the firms maximize profits. As shown in Andreassen (1995) this behavior can be
described through the use of virtual (shadow) prices and wages. Let £};;;, be the
consumer hz’s virtual wage for labor supplied to firm jk, £%; the virtual price for the
good supplied by firm jk, and £ the virtual price for money (which as numeraire
is always equal to 1). We define similar virtual prices for the firm. Let nj,;;, be firm
Jk’s virtual wage for labor supplied to firm jk from consumer ki, 9%,/ the virtual
price for the good j%’, n7% the virtual price for money, and 1, the virtual price for
the good produced by firm jk.

The virtual prices give us inverse demand and supply functions which depend
on observed transactions. They give the prices at which the observed transactions
would have been purchased if there had been no rationing. We let the variables m7;;,
M}k Uhiiks Tikhis Tiwonis and yj, denote the transacted quantity of money, labor, and
goods. As noted earlier, these transacted quantities will be the same as the Dreze
demands?.

From (3.3) and (3.4 it follows that

QUi (M, X5, i)/ Olhiji
OURi Mgy, X5i i) [ Omuchi

log dzijk(l;:ijka Mepi) =

= amijk + i logmyy; + agnjlog (I, + 1), (3.5)

OURi (M5, X5 L) [ 0T ki
auhi (m:hi ? x;;,i ’ l;z )/ OMmchi

log ffkhi(ijhivmzhi) =
= Cjkni + unlogmy,; — as;plog (x5, + 1), (3.6)
& = 1, (3.7

aij(y;ka M3k X ;ka K;k)/alhijk
aij(y;ka M¥ ik Xjks ;ka ka)/amfjk

log U;Lijk(IZijk7 m;jk'r I{;k) =

= brijk + Bijlogm};, — Banjlog (I + 1) + Bajrjlog Ky, (3.8)

2This notation is slightly different from Andreassen (1995).
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OF ik (Yikr M50 Xiks Uiy K5k )00k i
3ij(y;»‘k, M% ik Xk ;kv ka)/amﬁk

T * * [+ —_—
log nj'k’jk(xj'k'jk, Mgk K jk) =

= ciwjk + Bujlog m}; — Bajii log (Tinsj + 1) + Bsjk log K3, (3.9)

_ ap}k(y;k, m;jk’ x;ka l;ka K;k)/ayjk
3ij(yfk, M ks Xk l;k’ ka)/amﬁk

log n¥(m3;) =
= djk + fyjlogmiy, (3.10)

and
me = 1, (3.11)

where we have the following relationship between the parameters in the virtual price

functions and those in the utility and production functions,

* 1 4 agp;
* 1— :B hy
brije = log ( hijk " 1_—;1:> ;

* 1 — a4-'u .
Citktik = ].Og (lekljk . T‘:’IB:_JJ) N when = 1, ceey J N

1 —asz;

Cikhi = 10g(6}';,-,-k- ), when h=J+1,...,J+H.

1-a
The parameter d;x in equation (3.10) is equal to one plus the Lagrange multiplier
pertaining to the firm’s budget constraint.

In the case of non-rationed goods the virtual prices will be equal to the observed
prices. For a discussion of virtual prices see Deaton and Muellbauer (1980) pp.
109-114. A more detailed discussion of the use of virtual prices in econometric
disequilibrium models can be found in Lee (1986).

The assumption that the min condition must apply in all micro markets leads
to there being two situations which can occur in each micro labor market when

l};;x > 0 (no corner solution). For labor in micro market hijk we have either
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L &;jk = (1 — t1;)wnijx and nfﬁjk > w;;: The producer is rationed;
or
2 ff,,-jk < (1 = t1:)wnijk and nfu-jk = w;;: The consumer is rationed.

The situation where there is equilibrium will in the following approach have a prob-
_ability of measure zero and is therefore trivially included in case 1 above. A corner
solution in a micro labor market will imply that either &;; > (1 — ty:)wnije or
Thije < wi; (or both). -

In the micro markets for private goods we have assumed that the demanders are
never rationed. Assuming an interior solution for the demand of all agents in the

micro market for private good j7'k’, this implies:

3 &hpni = pjrw for all h and 4, 0%y = piwe for all j and k, and exp(—djar )0l <

(1 — t3)pjer: The producer may be rationed.

The term (exp(—d;)) enters the above expression because the firm is constrained
by it’s budget. As long as a private firm’s budget constraint is binding we have that
Me; (Miks Xk 15k) > (1 — t25)pjk. This reflects the fact that our requirement that
purchases of inputs be based on last years sales imposes an inefficiency on the firm.

In the case of government goods recall that we assume that only consumers
demand these and that they are always rationed in their demand. This implies that

for government good jk we always have:

4 & < pjx for all h and ¢ and exp(—dji)n¥ = (1 — t2;)pjr: The producer is

never rationed.

When we allow for corner solutions the above becomes more complicated, as dis-

cussed in Andreassen (1995).
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4 The distribution of unobserved heterogeneity

In this section we decompose each of the parameters from the virtual price functions,
the demand for money holdings, the capital stock, the prices and the wages into an
aggregate structural component and a stochastic component. These distributional
assumptions form the basis for the aggregation procedure discussed in the next
section.

To derive aggregate expressions for the different labor submarkets, we must make
assumptions about theAdistributions of the parameters, as;jk, across individuals and,
brijk, across firms. Aggregation in the goods markets is based on similar assumptions
about the parameters cjrni and cjjr. We assume that these parameters can be

decomposed into a structural component and a stochastic component,

Qkijk = Ghj + U2hijk, (4.1)
bhijk bh; + Vahijk, (4.2)
Cikhi Cih + U3jkni, When h=J+1,....,J+H, (4.3)
Cirktsk Cjri + Vajmrje, Whenj=1,...,J, (4.4)

where the stochastic variable ugjrs; varies across all individuals of type h, vsjsjx
varies across all firms of type 7, and g4 ik and vapjix vary within the combination of
consumers of type kA and firms of type j. These stochastic variables are assumed to
be homoscedastic and serially independent. They may however be correlated with
each other. This decomposition is related to the structural parameters of the utility

and production functions as follows,

l—alh

Ghije = m'exp(ahj)'exp(uzhijk) = @j; - exp(ushijk), (4.5)
]' — 7 T %
ik —&'exp(bw)'exp(vzhﬁk) = b}; - exp(vanijk), (4.6)
1 — Ba;
l-a .
e = ——— - exp(Gin) - explusikni) = Ty - exp(Uajehi), (4.7)

1 — assj
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* 1— ,Bl ] - —%
e ﬁ4']'- - exp(Cyr;) - exp(vajmiik) = Cjvj - exp(vsywse),  (4.8)
7'

where aj;, l—)zj, Cy, and €}, are the structural components of the parameters in the
utility and production functions (this notation will be used later in the paper). We
see that the restrictions which apply to the parameters in the utility and production
functions need not apply to these derived parameters

We assume that the realized demand for money holdings at a given time also can
be decomposed into a structural component and a stochastic component, where the
stochastic component describes the distribution of money demand over the popula-
tion of individuals and firms. From the equations for the agents budget constraints

(3.1) and (3.2) we have that money demand is given by

J M; J M;
Mepi = Z Z(l - tlh)whz’jklzz'jk - Z Z pjkz;khi + Cri (4.9)
j=lk=1 7=1k=1
and
J+H N, Jp M
h=J+1 i=1 '=1 k'=1
J'K'#5k

It is assumed that the logarithm of money demand can be written as

logmg,; = Men + Uik, (4.11)

logm3 = my; +vij. (4.12)

In empirical work we must be able to observe the variables m.; and my;. In addition
we must take into account that they will be correlated with the observed aggregate
supply and demand variables. We therefore assume that the variables m., and m;

are determined by the reduced form functions g.;, and gy; in the following manner:

Mer, = goh 1108 (Exi(1r:))s - 5 108 (Exi(Tisi))» log (Bri(liigs))s - -
log (Eki(l;:z’Jk))a log (Ek(Plk)), oo, log (Ek(PJk))v
log (Exi(whit)), - - - » 10g (Exi(wnigk)), log (Ei(Cri)) } (4.13)
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and

mg; = gsi {log (Buk(ziuit)) 108 (Buk(zuit))s 108 (Baiyrize))s -
log (Eki({74mix)), 1og (Ex(p1k)), - - -, log (Ex(puk)), log (Ewi(wriiij)),
-+, log (Exi(wrimije)), log (Ex (C5 — invix)) }, (4.14)

where Ei; denotes the expectation operator over all variables bearing the subscript
¢ and k, and u;p; and vy are random variables independently distributed of each
other such that m., = log (E; (m%;)) and g = log (Ei(m%;)). It is important
to note that we assume that the reduced form equations only depend on aggregate
variables. When we later estimate the aggregate relationships we have derived, these
variables can be viewed as being instrument variables for money demand. All the
aggregate variables are assumed to have the form log(E(z)) instead of E(log(z)).
This greatly simplifies the use of aggregate data because averages of variables are
more readily available than averages of the logarithm of these variables®. Because
money holdings and labor are jointly determined, u;4; and vy will not be indepen-
dently distributed of the other stochastic variables. This decomposition of money
demand into an aggregate and a disaggregate stochastic component has implications
for the specification of spillovers in the model. Because of the assumption that the
utility and production functions are separable, spillovers from one market to another
occur only through the budget constraint and thereby through the money demand
variable in the virtual prices. |

The distribution of capital K across firms of type j is also decomposed into a

structural and a stochastic component,
log(K3,) = K; + vaji,

where K; = log (Ex (K3;)) and vy is a random variable.

3The expected log of a variable will not be the same as the log of the expected value of this
variable. If for example the stochastic variable z is normally distributed then E (logz) = log (Ez)—

ivar (log z).
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Using the above specifications of unobserved heterogeneity we can now write

equations (3.5) to (3.11) as:

108 Ehiji(lhijio™ipi) = @hj + Q1h Mk + azng log (i + 1)

+uznijk + 1k - Uik, (4.15)
log &ri (Thini-Mons) = Cin + cunMen — azjn log (2 +1)

+usjkhi + Q1h * Uthi, (4.16)

log Uf;ijk(lzz'jk, m}jkv K ;k) = th + B1jMsi — Banjlog (lZijk + 1) + Banj Kj
+vaniik + Bij - Vijk + Bshj - Vajk, (4.17)

].Og n;"k'jk(m;'k’jk’ m;jk, K;k) = (_:]'J + ,BIJ ﬁlfj - ﬂ4j'j ].Og (.’L';,k,jk + 1) + ﬂ5j'j KJ

+vsjnrik + Buj - Viik + Bsjrj - Vajk, (4.18)

and

lognfy(m%x) = djx + B Mg + vsie + Buj - Vi (4.19)

The virtual price functions given by equations (4.15) té (4.19) give a description
of the behavior of the agents as functions of money demand (pseudo-demand) even
under rationing or when they choose corner solutions. We now wish to use these to
describe desired supply and demand in each micro market in the case of an interior
solution. Aggregation will be based on the relationships derived in this manner, also
when taking into account corner solutions. Recall that such supply and demand can
be represented by Clower supply and demand. The variables l,‘f,-jk and l,?ijk were
defined earlier as the Clower supply and demand for labor. The Clower demand for

goods is similarly denoted z5;; and z2,,;; for individuals and firms respectively.
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Since the Clower demands and supplies assume that an agent is not rationed
in the market under consideration, we can set the corresponding virtual wages and
prices equal to the actual wages and prices. Let the distribution of the exogenous

wage in the submarket consisting of consumers of type h and firms of type j be

described by
logwhjir = logWs; + pnjik, (4.20)

where log @s; = Eix (log wijik) and prjie is a random variable with a cumulative
distribution function which will specified later. In the same manner the prices of

goods from firms of type j are described by

logpjr = logp; + uf, (4.21)

where log p; = log (Ex (pjk)) and pJ; is a random variable zero mean. Note that we
choose a slightly different specification for wages than for prices. In equation (4.20)
we utilize Eg (logwsji) while in equation (4.21) we utilize log (Ex (p;jx)). These
assumptions are entirely practical, reflecting our needs later.

Assuming that Clower demands and supplies apply in each market and that there
are no corner solutions, we can substitute the above wage and price equations in the

virtual price functions (4.15) to (4.18) to get

log (I + 1) —&hj * fhiji
1 _ _ _
= ——[log ((1 — t14)Wh;) — Ghj — O1h Mech — Uahijk
Q2h;

—a1; - Uthi + Hhijk] = Khj * fhisk

= S;LJ — E1hijks v (4.22)
D 1 = _ *
log (¢ +1) = P [—108 Pj + Cjn + 01n Meh + Usjkhi + O1h * Urhi — #jk] )
J
= th — E4j5khi (423)
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log (IF;x + 1) —kn; - uh.'jk

log (27 + 1)

where

St
z
ik

D3,

E1hijk

E2hijk

E4jkhi

€47k ik

;3217, [ ].Og wh] + bh] + ;311 me + ﬂShJ K + Vohisk
J

+81; - Vijk + Bahj - Vajk — Mhijk] — Khj - Mhijk

!
Dy; — e2nijk,

1
ﬁ‘d '

- *
+B1; - vijk + Bsjrj - Vajk — #jk] )

[ —log p; + Cyrj + Primg; + Boyrs Kj + vajnwri

nyj — E45'k' 5k

7 [log ((1 - tlh)l—bh]‘) - arhj — Q1p ﬁlch] ’
J

[ log whg + bh] + ﬂl] mf] + ;83111 ]

,32h3

1
r [—].Ogﬁ] + EJh + a1p 7;hCh] 9

37k

1 _ _ _ —

— [—logpj + Cjrj + B g + ﬂ5j’j Kj] ’
,B4J’J .

1 1
(khi + —)thijk — —(U2nije + Q1jU1ki),
Q2h; Q2pj

Bog |

(Kn;

ﬂ hi

1
— [uajkhi + oh - Urhi — #;k] ,
Qas;p

%*
,3 [v&;'k']k + ﬂlg Uik + ,351 15 Vajk — ﬂ'jk] P
453

(v2hz_7k + :B].]v].]k + ,B3ka4_1k)

(4.24)

(4.25)

(4.26)

(4.27)

(4.28)

(4.29)

(4.30)

(4.31)

(4.32)

(4.33)

where kj; is a parameter. The term &4; - phijx has been subtracted from both sides

of the labor market equations (4.22) and (4.24) for reasons which will be explained
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below. For notational simplicity we introduce a third variable defined by
E3hijk = Khjfhijk- (4.34)

One should note that there is no equation for the supply of goods. This is because
this is given from the production function when all the inputs have been determined.
In the case on an interior solution, we must either have that the Clower demand or
Clower supply is realized (because of the min condition). In the aggregation method
discussed in the following we will utilize this property.

In the following we will make assumptions about the joint distribution of the
stochastic variables €14ijk, €2nijk, and €3nijk. The aggregation results we get on the
basis of these distributional assumptions enable us to estimate the unknown param-
eters. However we are not able to identify the parameters in the distributions of the
underlying stochastic variables, uzjr and vgjk. It is straight forward to derive the
wage distribution given by pijr from the distribution of e3hijx since equation (4.34)
must apply. From equation (4.30) and the fact that we know the distribution of
Phijr and ppijk, we see that in principle one can find (either analytically or through
simulation) the distribution of the sum uapijx + @1;u15: but not the individual dis-
tributions of uapijx and uin;. To do this would require additional assumptions about
these distributions. The same applies to the sum vopnijx + B1;v1k + B3jkVajk N equa-
tion (4.31). This means that the micro relations are not fully recoverable from the
aggregate model.

We assume that the the stochastic variables e1xijk, €2hijk, and espiji are jointly
distributed according to a particular version of the generalized extreme value (GEV)

distribution F' (cf. Ben-Akiva and Lerman (1985)) given below

logF = - (e—ew.-jk/e,,,-rh,- + e"?hi:'k/ehj‘rhj)f"j — geshijk/0nj (4.35)

where 7;,; > 0 and 65; > 0 are parameters. The GEV class implies var €14ijx =

Var Ep4jk = Var €apijk- 1he particular specification above implies that the stochastic
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variables €1pij1 and €g4ijx are independent of e3x;jx. Even though these assumptions
give us a fairly restrictive specification of the relationship between €1ijk, €2hijk, and
E3hijk, they do not necessarily imply severe restrictions on how the u-s, v-s and g ;i
are related to each other. This can be seen if we calculate var eypijk, Var €2sijx, and

var e3xijk. For example, we can use equation (4.30) to calculate

1 1
varé€ipiik = (Knj + ——)>var upix) — — ( var uanijr + (a1;)? var uihg)
. Oopj (r2h5)

Qi gy 1
2—d . .. 0% (. - .
+ (r2h)? coV (t1hi, Uzhijk) + azhj (%n; + po— ) COV ({hijks U1hi)

1 1
+2——(knj + ——) coV (Khijk, Uahijk)- (4.36)
Q2h; Qpj

Note that the expected values of the e-s are not necessarily equal to zero. The
interpretation of 74; is as 1 — T,fj = coOIT (€1hijk, E2nijk). The parameter Kj; is im-
portant because it gives a more flexible relationship between the variances of the
extreme value distributed random variables €;pijk, €2hijk, and €3xijx and the variance

of wages whijk. Since eapiji is extreme value distributed we have that varespijr =

k;; - var(logwsijx) = (1/6)w20%; implying that 04;/kp; = 7 \/é - var (log whijk ).
A more detailed discussion of the GEV distribution is given in appendix A.

The generalized extreme value distribution is assumed mainly for analytical con-
venience, but it can be motivated as being a natural way of describing the distribu-
tion of parameters and wages when they are the indirect result of earlier decisions
concerning choice of education and choice of production technology. As an example
consider the choice of education. Let ¢;(a) be the utility of working (or a parame-
ter determining the utility of working) given type of education a among A possible
choices for consumer :. The value of €;(a) is known to the consumer, but is unobserv-
able to the econometrician, who views it as being stochastically distributed across
the population of consumers. The resulting indirect utility of working as a function
of chosen education will then be ¢} = max(e;(1),---,ei(A4)). The distribution of

€f will under certain regularity conditions be extreme value distributed across the
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population. It can be argued that this type of argument also applies to the firm’s

choice of capital.

5 Aggregation and estimation

Aggregation across labor submarket 47 is based on the Clower demands and supplies
" in equations (4.22) and (4.24). These equations can be viewed as quasi-demand
(supply) functions under the condition that there is no rationing and no corner
solutions. They relate the endogenous demapd (supply) for labor to the endogenous
demand for money under such conditions. The simple structure of these equations
is a consequence of our assumption of separability, implying that it is only through
the money demand variables (determined by the budget constraint) that spillovers
are transmitted from one market to another. The Clower demands and supplies
together with the min condition and the distributional assumptions made earlier
lead to fairly simple aggregate labor market relationships which can be estimated
using ordinary least squares. In the following we also discuss similar estimation in

the goods market.

5.1 Aggregate labor market relationships

We consider aggregation across the micro markets which make up the submarket
consisting of consumers of type h and firms of type j. Since we concentrate on one
such submarket we drop the subscripts A and j in the following. We retain the micro
subscripts ¢ denoting the individual and k£ denoting the firm. Since we at present
are only concerned with the labor market we also let D = Dﬁlj and S = S,ﬂj

If transactions are positive and [, < [2, then the consumer isn’t rationed and
we have that &, = wi and [5, = I%. If 5, > [} then we have that 7}, = (1 — ¢;)wi
and {Z = [3,. Our assumption of the economy being in a Dréze equilibrium therefore
implies, as discussed in section 2, that as long as we have an interior solution, {; > 0,

the following min condition applies
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log(I% +1) = min (log (15 +1),log (IR + 1)) . (5.1)

The min condition links the transacted quantity to the latent supplies and demands.
Together with equations (4.22) and (4.24) it describes the outcome in a situation
with rationing and no corner solution. We now wish to derive the probabilities
discussed in section 2 assuming that the model and functional forms discussed in
section 3 and the distributional assumptions in section 4 apply. The details of
how the different probabilities are derived are however deferred to appendix A. An
important concept is the probability distribution of the number of hours worked by

worker : in firm 7, given that the worker is employed by firm k,
Pl > 2|15, >0) = P(log(l, +1) > log(2+1) | log (i +1) > 0). (5.2)

For notational simplicity we denote z = log (£ +1). Substituting from equation (5.1)

for log (% + 1) in (5.2) we get

Pl >2|15>0)

=P (min (log (15, + 1), log (IR + 1)) > z | min (log (15, 4+ 1),log (IR + 1)) > 0)

= P (max (—log (I, + 1), ~log (1% + 1)) < ~z | max (—log (i, + 1),
—log (IR +1)) <0). (5.3)

We now introduce the parameter « (cf. equation (4.34)) into this equation giving us

Pl > 2|15 >0)=
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P (ma.x (—log (5 +1) + ki, —log (15 + 1) + ny,-k) < Kptik — 2
| max (—log (I3 + 1) + ke, —log (12 + 1) + nu;k) < fc,u,-k) , (5.4)

where p;; is the stochastic variable introduced earlier to describe the distribution
of wages in submarket hAj. As mentioned earlier, the introduction of « gives us an
extra degree of freedom, leading to a more flexible modeling of the variances in our
model. ;

Substituting from the Clower supply and demand equations (4.22) and (4.24)
into the expression for the probability distribution (5.4) using the above notation

we get
P(l;; > 2|13 > 0)
= P(max(e; — S,e2 — D) < €3 — z | max(e; — S,e2 — D) < €3)

_ P(€1—5<€3—Z,62—D<63—2)
- P(€1—5<E3,€2—D <€3)

(5.5)

Under the distributional assumptions made in section 4 we find that the probability

distribution in equation (5.5) becomes

* ~ * 1 e"z/a
P(lik >z |15 >0) P, > 0) T + (6‘5/07 + e_D/g,.)r
-log (s+1)/6
= L _— (5.6)
P(l5, > 0) e-log(z+1)/6 4 (e-S/6r 4 e-D/o7)"
where
* 1

1+ (e=S/67 4 e=D/o7)™

We see that the probabilities have a logistic distribution. Equation (5.7) is the

probability of consumer ¢ working in firm k. These assumption imply that the
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probability that the Clower supply [5;, and the Clower demand [} are positive will
be

PIS>0) = P(e,— S <es)

"and
P(IR>0) = P(e;— D <e3)
-1
ot m. (5-9)

In section 2 we found the that equations (2.9), (2.14), and (2.15) were the empir-
ical counterparts to the theoretical equations (5.7), (5.8), and (5.9). Substituting

equation (2.14) into equation (5.8) and solving for S gives us

S = 0{log (P(l;-i > O)) — log (1 - Pl > 0))}

- 0{log (1— (1—Q—;U)“l’) —%log (1—9-—;-2)} (5.10)

and substituting equation (2.15) into equation (5.9) and solving for D gives us

D = 0{log (P(l > 0)) og (1 - P(i% > 0))}

-l im(-9)

—-log( - M lg(l—%))} (5.11)

where M is the number of potential firms and V is the number of vacancies of type

J as defined in section 2. We also defined N as the number of individuals, @} the
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number of employed, and U the number of unemployed among individuals of type
h.
In appendix A we also derive an expression for the expected number of hours

worked by a consumer at a firm given that the consumer has a job there, E({Z, |

% > 0). This yields

E(l; |5 >0) = log [1 — P(Z3; > 0)]. (5.12)

9
P(i% > 0)
We assume that the empirical counterpart to E(I% | I3 > 0) is the average number
of hours worked in each filled job which we denote L. When there are many micro
labor markets, P({5; > 0) will be very small and, as noted in section 2, P({}; >
0)/log [L —P(l; > 0)] will be very close to one. Assuming that it is equal to one and
rearranging equation (5.12) gives us

L-P(l;>0)
log[L —P(i >0)]

L. (5.13)

We thereby have that the parameter 6 is simply equal to the average number of
hours worked. An interesting implication of this is that the variances of the e-s will
vary over time in proportion to L2. The mean wage across consumers and firms is

found in appendix A to be
0

where I' denotes the gamma function®. The empirical counterpart to E(w; | [ > 0)
is assumed to be the average wage in each job held by an employed person and is
denoted W. It is important to note that W is different from the mean wage w
covering all potential wage offers. Taking the logarithm of (5.14), substituting in

for P({% > 0) from equation (2.9), and rearranging gives us

o 6 1 Q 0
logw = logW + ;log (—M log(1 — N)) —logT (1 - n) . (5.15)

*The gamma function is defined by the integral I'(t) = [;° u*~!e~*du for all ¢ > 0.
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We see that the parameter & is important in determining how much the expected
wage over all potential jobs differs from the expected wage in those jobs that actually
are filled. In the estimation procedure discussed later we will wish to calculate @
directly using equation (5.15). To do this we need observations of x from cross-
sectional data. In appendix A we show that if we have observations of E (w? | I} >

0) and var (w; | {5 > 0), then we can get « from the non-linear equation:

E (w} |15 > 0) _ F(I—Q%)

e [ >0) T T(1-2)

(5.16)

The parameters 6 and « together determine the variances of the generalized extreme
value distribution which we have used. The aggregation procedure presented above
therefore entails the need to know the variance of wages. The simple distributional
assumptions made enable us to derive both the distribution of the virtual demand

wage and the virtual supply wage on the basis of this.

5.2 Identification and estimation

The parameters in the model can now be estimated using the aggregate relationships
we found in the preceding section. Introducing the subscripts A, j, and t denoting
consumer type, firm type and time period respectively, we have that the following
set of equations allows us to identify the structural parameters concerning labor

submarket hj,

1 a a
i _ hj 1A _
o= ——log (1 — tihe)Bhje) — — — = frpe + Panse, 17
Shit P 0g ((1 — tihe)Whjt) P Meht + P1njt (5.17)
b .
D;”t = ﬂz log UJh]t —+ IB:Z + 151321: 7 m st + gShJ I( jt + 192hjt7 (518)
hy J J
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where

1
o = o 1 (1- 2521
ht

1 Qrjt + Unjt
(- Qutla)
i, %8 N (5.19)
Vit 1 Qhrjt
! _ . it X
Phoe = Lt {log (thNht M ‘o8 (l th))
Vh it 1 Qh t )}(
—log {1 — AN log hioil 20
og( M;;Nye Mj, 5-20)

. 1 ,
logwg;s = logWhje + Lait log (———log(1 — Qh’t)) —logT ( Lhﬁ) (5.21)
Khjt th N

L it *
T (1 — 2;1;:;) - Eix (Whijke | Gijie > 0)

T (1 _ ﬂ'&) - varik (Whijke | Giijee > 0) ’

Khjyt

(5.22)

Variations over time in the relationships (5.17) and (5.18) are specified by adding the
stochastic variables ¥14;: and ¥,4;: which take into account variation in the relation-
ships over time. They are assumed to have white noise properties. These equations
have a linear form making them easy to estimate using OLS. From equations (5.19)
to (5.22) we see that we can indirectly observe the theoretical variables S}j;, D} ;s
and @y, in addition to variables M4 = log (E (mehit)), Myj: = log (E (mjk:)), and
Kj: = log (E(K))-

A problem with using OLS directly on equations (5.17) and (5.18) is that the
money variables m;: and ™ ;; are correlated with the demand and supply variables
S,’u- and Dij because money demand and labor supply or demand are assumed to
be chosen simultaneously at the micro level. To get around this problem we use the
money demand functions introduced earlier as instrumental variables in estimating

the above equations. These demand functions can formally be approximated by
Mene = gy, {108 (Bri(21kniz))s - - 5 108 (Bwi(TTenir))s 108 (Bai(lirke))s -+
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log (Ex: (l;;iJkt))a log (Ex (pl‘kt))v -+, log (Ek(PJkt)),
log (Exi(whiikt)), - - - , log (Exi(wiskt)), 1og (Ei(Crit))} + Janse, (5.23)

and

Mmygje = g}j {log (Ek'k(x’;k'jkt))’ .-, log (Ek’k(m}k’jkt))’ log (Eki(l;+1z‘jkt))7 Tt
log (Exi({74mr4jk))s 10g (Ex(p1rt)), - - -, 10g (Ex(pkt)), log (Exi(wrsrijne))s
-+, log (Eui(wsrmisne)), 1og (Ek (Ciie — inviut)) } + Pane, (5-24)

where the random variables Y35 and ¥44;; are independently distributed of each
other and of the stochastic variables ¥4, and ¥355:. The reduced form functions
gs, and g%, will in practical applications be specified as a polynomial in a subset
of the exogenous variables in the model. Since the variables in these functions are
only meant as instruments in estimating equations (5.17) and (5.18) misspecification
of these functions need not seriously impair the estimates as long as the included
variables are highly correlated with the money variables. Even in the case of mis-
specification, we get consistent estimates of the parameters in equation (5.17) and
(5.18). One should note that the money variables . and myj; are most likely
to be correlated with the wage variable log @y, which can give multicollinearity
problems (though the dependency is probably non-linear).

It is apparent that the parameters ain, ashnj, @hj, B1j, B2nj, Banj, and by; are
all identifiable from OLS estimation (when the OLS-estimates are consistent) on
equations (5.17) and (5.18). Using equations (5.17), (5.18), (5.23), and (5.24) to
estimate the parameters in one labor submarket leads to unique estimates. If we
expand the system to include two or more labor submarkets, which have either h
or j in common, the estimates of the money demand parameters oy, and Fs; will
be overidentified. This is because the money demand function 7 enters all labor
submarket relationships which include labor of type j and myj; enters all labor
submarket relationships including firms of type j. This implies that one should

use simultaneous equation estimation techniques such as maximum-likelihood when
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estimating the relationships in more than one labor submarket. The same situation
arises when estimating the labor market together with the goods market.

It is possible to calculate the parameters

—x 1—-oamn _
B = e exp(an) (5.25)
and
7 1 — B -
* = br:). 5.26
hj 1— ﬂZhj exp( hJ) ( )

but not the distribution of the original parameters aj;;; and b;;;;. If we normalize
such that E (exp(u2hijr)) = 0 and E(exp(vgéu-jk)) = 0 then we have that E (a};;,) =
ay; and E (b};) = _‘;‘,j. It should be noted that this implies that E (u2pijx) and
E (vanijx) will not be equal to 0.

5.3 Disequilibrium indicators

The observed variables for unemployment U and vacancies V are indicators of dis-
equilibrium in the labor market, but do not give a complete picture of the extent
of mismatch or rationing. They are exclusively concerned with work/do not work
and hire/do not hire situations. Rationing leads to many other types of mismatch.
The individual observes that there are other jobs open to individuals with his or her
characteristics which are more desirable given the going wage. In the same manner
the firm observes individuals which are preferable to those it hires given the going
wage. Another shortcoming of the variables U and V is that they do not reflect the
latent nature of many jobs. There are many potential jobs in an economy which
are never done because the potential wage is too small. The aggregation approach
discussed above leads to a greater number of indicators which can be used to char-
acterize how disequilibrium changes over time in an economy. In the following we
drop the subscript ¢ denoting time period.

An indicator which is closely related to the observed variables for unemployment

and vacancies, but which covers all latent micro markets, is the difference between
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the probability that a firm wishes to hire a person and the probability that this
person wishes to work there. Weighted by the number of micro markets in submarket

hj this difference can be written
M; N, (P(I55 > 0) — P(12;, > 0)) (5.27)

giving the number of micro labor markets in which individuals wish to work minus
the number of micro markets in which the firms wish to hire. This indicator is only
concerned with whether a individual wishes to work or a firm wishes to hire and does
not take into account how demand and supply interact (the correlation between the
individual’s desire to work at a firm and this firm’s desire to hire the individual).
An alternative indicator which gives a more complete picture of the extent of
rationing is a comparison of the virtual wages to the actual wages. Equation (4.15)

can be rewritten to give

%* * 1
log E;;ijk(lhijka my;) — (Krj + a)#in‘jk - Qzgpj
J

= @nj + 1 Men + gnjlog (I + 1) 4 shijr + an - Urn — (Krj + a—;;)ﬂhijk - Qghj

= @hj + 1h Mch + onjlog ((ip + 1) — 02n;j - Exnijk (5.28)
and equation (4.20) can be represented as

log wrjik — Phijk — Q2nj - Khj - Phijk = lOgWhj — Qakj - Khj * Phijk
= logWs; — a2h; - E3nijk- (5.29)

Substituting equation (5.29) into (5.28) leads to
log Szijk(l;:ijk’ myy;) — log wajix

= @nj + Q1p Meh + Qzp; log (551 + 1) — log Wrj — cnj - (E1nijk — €3mijr)-  (5.30)

Taking expectations on both sides of this equation gives us
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E (log (fiijk(i:f:;j:mzhi)))
Jt
= (—ih] + Q3p mch + Q2hj5 * P(l}:ijk > 0) -E (log (l;:‘Jk + l) ! P(l;;]k > 0)) - lOg ?I)hj

= ahj + ajpMep, — Qapj * 0,,,- . log(P(l}:ijk > 0)) - log 'lI)hj (5.31)

where we have substituted for E (log (e + 1) | PG > 0)) from equation (A.28)
in appendix A and used the fact that the expected value of e14:jx and espiji are

equal. In the same manner we can find from equation (4.17) that

E (log ("I;zijk(l;;ijk’ My, K fk))) (5.32)

Whjik
= bnj + Brimy; + B - On; - log(P ({5 > 0)) — log ;.

Using the parameter estimates and observations of 8;; and P(l};;, > 0)) discussed
above the price ratios in equations (5.31) and (5.32) can be calculated. An increase
in the absolute value of these ratios will indicate increased rationing in the labor
submarket under study. They capture the total effects of rationing on each side
of the market, but do not consider the simultaneous distribution of demand and
supply. |

A third indicator is the probability that supply is larger than demand in a par-
ticular labor market when supply is greater than zero, P(I7;, > I lhije > 0)-
This indicator reflects only the number of hours which individuals wish to sup-
ply and firms wish to employ. It does not take the working/not working or the
hiring/not hiring decision into account, but looks at supply and demand simultane-
ously in each micro labor market. In this manner it supplements the two indicators

suggested above. In appendix A this probability was found to be

1]

P(l}fijk > lfijk,lfijk >0) = P(li‘jk >0) — (1 - P(llfijk > lllz)ijk)) P (I}, > 0),(5.33)
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where

1
S D —
P(lzk > lzk - 1 + (eXp(Dhj _ Shj)ll(othhj)) . (5.34)

The rationing constraints are related to the prices and wages in the economy.
We have not modeled such relationships, but the above aggregation approach does
give some indication how wages affect many important variables. It can therefore be
interesting in a given situation to see how the above indicators change if the wage
distribution changes. This can be done by simulating these indicators’ response to
a small change in k;;j, implying a shift in the expectation and variance of the wage
distribution. Such a change will alter both the expectation and the variance of the
wage distribution. It is important to note that all the relationships dicussed above
are conditional on the set of observed variables and that we do not know which
behavioral changes a change in a parameter will lead to. Any changes which occur
in the indicators as a result of a change in k3; therefore only says whether such a
change would decrease disequilibrium given the present situation. If this is the case
we can conjecture that it will also decrease disequilibrium after behavioral changes
are taken into account, since it is still possible for the agents to choose the present
situation. But since the degree of disequilibrium may increase in some micro markets
and decrease in others, we can not be sure of how this will influence the aggregate

indicators we have suggested above.

5.4 Aggregation and estimation in the markets for goods

The aggregation method described above could also be used to aggregate the demand
for goods across consumers and firms when there is rationing, but requires the
assumption that each combination of buyer and seller is a separate market. This
seems a more unrealistic assumption in the goods market than in the case of the
labor market, because labor supply and demand are much more heterogenous than
the supply and demand for goods. It is also difficult to find disequilibrium data

for goods of the type we have for the labor market, where we for example have
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observations of unemployment and vacancies. These considerations leads us to only
aggregate in the labor market under rationing and to treat the goods market in
a simplified manner by assuming that demand for private goods is never rationed
while demand for government goods is always rationed.

The assumption that individuals are always rationed in their demand for govern-
ment goods (firms do not demand government goods) implies that it is impossible
to estimate the parameters concerning such goods. Each individual’s purchase of
government goods will-be solely determined by the rationing constraints and not by
preferences. In the following we therefore only concern ourselves with the demand
for private goods. We discuss only the demand by individuals in detail since the
same type of relationships will characterize the demand by firms.

We assume that we can observe the average consumption of goods of type j by
individuals of type h, which we denote X;i, and that the theoretical counterpart
to this variable is the expected consumption of good jk by individual hi, E (zkja:).
The stochastic variable e4;k1; Was earlier assumed to describe the variation in the
virtual price of goods of type j while u}, described the variation in prices. These

random variables are now assumed to be distributed according to @,

log ®(eajini, u5x) = —exp(—cajeni/Ysn) — exp(—pie/PYin), (5.35)

where t; > 0 is a parameter. This is a special case of the GEV distribution assumed
for the labor market in equation (4.35), and therefore can get similar aggregation
results for the goods market as for the labor market. Doing the same calculations for
the goods markets as was done for the labor markets in appendix A and remembering
that Clower demands equal transactions when there is no rationing and no corner

solutions, we can derive the following relationships:

P(z5: > 0) = P(D7, — €ajrni > 1jx)

1
= 5.36
TF cap(—D%, %) (536)
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and

_¢hj

E(Zp | T > 0) = P, 50)
jkhi

log[l — P >0)].  (5.37)

These two equations are simplified versions of equations (5.7) and (5.12) which were

found for the labor market. These equations taken together give us

Xin = P2 > 0) - E(heni | T5ens > 0)

1
= —tjulog (1 - xp (=D ) + 1) (5.38)

Solving this equation for D, leads to

(5.39)

5 = —'l,bjhlog( exp(—Xin/1;n) )

1 — exp(—Xjn/in)
According to Johnson and Kotz (1970) p. 283, one can estimate t;; from the

following equation

-1
bin = Xjn— [ijkhi exp(—xjkhi/d;jh)] [ECXP(—xjkhi/J’jh)] . (5.40)
i* it

It is necessary to solve this equation numerically. From equation (5.37) we see that
if P(z%,; > 0) is small then Pin ~ Xjn/P(hp: > 0).
The above results imply that the Clower demands can be estimated in the same

manner as in the labor market. Introducing the time subscript ¢t we have that

1 _ Cin Q1p
z = —-—-——l y 1 - T c 6 jhty 5'41
int o og pjt + ash + o Meht + Vsjnt ( )

and

Mene = g {108 (Bi(ZT4nie))> -+ 5 108 (Bri(2Tppie))» 108 (Bii(Grigne))s - -
log (Eki(lZeJkt))a log (Ex(p1kt)), - - -, log (Ex(pxe)),
log (Exi(whitkt)), - - -, log (Bki(whigkt)), log (Eo(Crir))} + 3mie, (5:42)
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where equation (5.41) is equation (4.28) with the white noise random variable ¥s;x:
added. Estimation will now be exactly the same as in the case of the labor market.
Notice that equation (5.41) has the parameter ¢;5 in common with equation (5.17)
indicating, as mentioned, that the goods and labor markets ought to be estimated

simultaneously.

5.5 A comparison with the smoothing by aggregation ap-

proach

The aggregation approach described above is in some ways similar to the smooth-
ing by aggregation approach, first suggested by Muellbauer (1978). Lambert (1988)
derives an aggregate relationship at the macro level which represents an explicit
aggregation of micro markets. Gourieroux (1984) derives similar aggregated rela-
tionships as those in Lambert (1988) using different distributional assumptions. In
the following we drop the subscripts A and j denoting types of individual and firm
and the subsript ¢ denoting time period.

Lambert (1988) starts by modeling micro markets in the same manner as we did

above,

logls, = X5 +e, . (5.43)
loglf = AP +e, (5.44)
logliy = min(logls,loglR), (5.45)

where the A-s are structural relationships (including for example prices). In contrast
to our approach he does not derive the A-s from the individual optimization of the
agents and assumes that the stochastic variables £; and e, are bivariate normally

distributed. The aggregate transacted quantity [ is given by:

N M
[ = 3% min(logi,logi] (5.46)
k
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where N is then number of consumers and M is the number of firms. Lambert shows

that the CES function:

E() ~ NM-[E(5)™ +E(IR) "]~ (5.47)

gives a good approximation to equation (5.46) for v > 0. The parameter v is the
correlation coefficient in the bivariate normal distribution. He succeeds thereby in
getting a fairly simple expression for aggregate transactions.

The main objectivé of the smoothing by aggregation approach is to derive a
relationship which permits a gradual (smooth) increase of rationing in an aggregate
market. The above expression is usually used in connection with the two market
neo-Keynesian macro model, permitting some parts of the economy to experience
Keynesian unemployment while other parts experience classical unemployment.

An interesting aspect of the aggregation approach of Lambert (1988) is the im-
portance attached to the weighted probability P, ({5 > (7), which is the probability
that supply is greater than demand when each micro market is weighted by its con-
tribution to aggregate transactions. The same assumptions used to derive the CES

function above lead to this probability being given by

1
1+ (E(LR)/EWR))”
This probability can be compared to the probability P(I5, > [}) which is found in

P, (5 > 18 (5.48)

appendix A as being equal to 4

1
1 + (exp(Dp; — Sn;)/Orimi))’
If we can assume that E(I} | {5 > 0) =~ D/ and E(I5, | I}, > 0) ~ S/6, then

P(5 > 18

(5.49)

we can derive an expression for P(I, > [}) which is easy to compare to Lambert’s

expression for P, (I3, > [}) in equation (5.48). In appendix A we found that

_ 6 1+ exp(—D/8)
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and

. _ 0 1 + exp(—S5/6)
E(5 |15 >0) = P S 0) log ( exp(—5/0) ) , (5.51)

where D and S are defined as in equations (5.17) and (5.18). Taking the exponent

of these two equations and then dividing them by each other and rearranging gives

us

S . " 1+ exp(—D/0
exp(D/6 - 5/6) = exp (E(Z |1 > 0) —E(G | 6> 0)) T ex‘;((_ 5// o))' (5.52)
Combining this with equation (5.49) gives us

P35 >10) = ;, (5.53)

1+ (&)
where
LP = exp (E(IR |15 >0)) +exp (E(IR | i > 0) — D/6) (5.54)

and

L5 = exp (E(i5 |15 >0)) +exp (E(IS | 5 > 0) — 5/6).

If one where to assume that D/8 ~ E(IR | [, > 0) and S/6 ~ E(I, | I, > 0) then

equation (5.53) will become®

1
1+ [exp (E(IR | I3 > 0) —E(l | 5 > 0))I
1
1+ [exp(D/6 — S/0)]"

From this we see that even though this probability has a functional form close to

P >18) =

(5.55)

that proposed by Lambert (in equation (5.48)), they are different. The probability

SEven though this is not the case in our model, it is an assumption close to the type we make

in equations (4.22) to (4.25).
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derived on the basis of our model has a logistic form and the arguments are condi-
tional on there being no corner solution (I > 0). One should note how large a role
the probabilities of there being a positive I3, [}, and [ play in all the aggregate
variables we find. This indicates how important it is in an approach such as ours to
take explicitly into account the possibility of corner solutions.

The main difference between our approach and the smoothing by aggregation
approach is that we have strived for a more structural approach based on explicit
utility and profit maximization enabling us to characterize disequilibrium in many
submarkets, Whilé the smoothing by aggregation approach is concerned with finding
an equation to describing aggregate transactions when the demand side is rationed in
some micro markets while the supply side is rationed in others. The above illustrates
that it is possible in the aggregation approach discussed in this paper to find the
same type of aggregate probabilities as in the smoothing by aggregation approach.
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6 Data and empirical results

In the following an example is given of empirical use of the aggregation approach
presented above. Estimation results are presented for the case when there is one
type of individual and four types of firms and thereby four labor submarkets. Ag-
gregation is done across all private goods so that there is only one aggregate goods -
market. It must be emphasized that the following results are mainly of an illus-
trative nature, since t'he‘ model is very parsimonious and the quality of the data
are fairly poor, requiriﬁg much ad hoc adjustments. Especially the money variables
and the distribution of unemployment and vacancies across sectors required strong
apriori assumptions. For example, the distribution of vacancies across sectors has
been imputed using fixed coefficients, tending to make the time series for different
sectors follow each other (which is seen in the figures we will discuss later). The
following is still interesting in that it illustrates the extent to which the approach
discussed earlier is relevant and where further research is most needed.

The labor market is, as mentioned, divided into four aggregate submarkets with

one type of individual and the following four types of firms (sectors):

1. A public sector (central and local government);
2. A sector for traded goods except oil and gas;
3. A sector for non-traded goods (except those produced by the public sector);

4. A sector for oil and gas production.

In the following we also consider the total aggregate labor market.

Most of the data used are reported for the period 1971 to 1992, but because
of some gaps in the data, the estimation results are based only on data for the
period 1976 to 1991 (16 years). Data from the National Accounts are at core of the
estimation though they are supplemented by other data.
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Table 1: Individuals age 16-74, unemployment, vacancies, and employment. 1000
Ne U (Ve Vie Vo Voo Vi | Q¢ Qi Qa2 Q3¢ Qu
1972 | 2732 28 | 221 2.1 11.0 8.8 0.12(1673 302 339 979 53
1973 | 2749 26 }21.3 24 10.1 8.7 0.11 (1685 316 341 975 53
1974 | 2768 25 |25.9 2.6 128 10.3 0.14 | 1706 324 350 983 49
1975 {2809 33 |15.7 18 74 6.3 0.07(1738 346 352 994 46
1976 { 2825 33 {175 2.7 59 89 0.09(1796 374 350 1027 45
1977 | 2844 27 | 229 29 88 11.0 0.11 1843 392 349 1054 48
1978 | 2866 34 |18.1 25 7.0 85 0.09| 1877 415 342 1075 45
1979 | 2885 38 |16.2 3.2 51 7.8 0.08|1905 433 338 1089 45
1980 | 2875 32 | 209 3.7 8.1 9.0 0.10| 1947 452 338 1110 47
1981 | 2909 40 | 170 3.7 64 6.7 0.09 (1967 471 335 1110 51
1982 | 2937 52 |13.1 34 46 5.0 0.08]1969 480 324 1114 51
1983 {2958 69 | 84 3.3 14 3.7 0.06 (1963 492 308 1113 50
1984 [ 2979 64 |11.1 39 2.0 5.2 0.05|1976 497 307 1122 50
1985 | 3004 54 | 151 54 29 6.7 - 0.09 (2028 510 309 1161 48
1986 | 3024 42 | 273 88 58 125 0.15|2089 518 312 1215 44
1987 | 3046 45 | 323 104 59 15.8 0.14 | 2133 536 311 1249 37
1988 {3071 70 | 226 9.3 3.1 10.0 0.12 2118 544 297 1239 38
1989 { 3087 106 | 180 7.0 2.7 8.2 0.10|2069 554 278 1190 47
1990 | 3094 112|171 74 2.2 75 0.13 | 2051 567 271 1160 53
1991 | 3105 116 |16.9 7.5 2.3 71 0.13 2034 584 261 1134 55
1992 | 3116 126 | 16.7 7.8 19 6.9 0.14 (2029 600 260 1115 54

Table 2: Average hours worked per person and average capital per firm (in millions Nkr.).
L. Lt Lz Lz L& |K: Kit Ko Kax Ka
1972 | 1707 1491 1734 1740 2167 | 49 114 3.6 3.2 225
1973 | 1694 1473 1727 1728 2164 | 5.1 121 3.8 3.4 24.2
1974 | 1672 1452 1709 1706 2192 | 5.3 128 4.0 3.5 25.6
1975 | 1653 1440 1711 1685 2143 | 5.6 136 4.2 3.7 28.0
1976 | 1599 1397 1662 1629 2102 | 6.0 143 44 3.8 323
1977 | 1564 1358 1636 1600 1928 | 6.4 151 4.6 4.0 35.5
1978 | 1525 1317 1598 1571 1802 | 6.6 160 4.8 4.2 35.7
1979 | 1501 1304 1569 1544 1818 | 6.8 168 4.9 4.3 35.0
1980 | 1499 1297 1579 1543 1847 | 7.0 176 5.0 4.5 33.6
1981 | 1489 1286 1587 1529 1845 | 7.3 183 5.2 4.7 35.0
1982 | 1477 1284 1577 1516 1820} 7.4 190 5.3 4.9 34.7
1983 | 1472 1282 1572 1513 1779 | 7.7 196 5.3 5.0 354
1984 | 1464 1278 1579 1502 1770 | 7.9 203 54 5.2 36.8
1985 | 1458 1276 1565 1496 1770 | 8.1 209 5.6 5.4 33.7
1986 | 1453 1268 1570 1492 1730 | 84 216 5.9 5.7 34.0
1987 | 1424 1254 1534 1461 1682 | 8.7 224 6.3 5.9 34.2
1988 | 1428 1250 1542 1471 1685 9.0 233 6.6 6.1 35.2
1989 | 1422 1245 1546 1463 1738 | 9.3 241 6.7 6.2 37.1
1990 | 1414 1244 1535 1453 1767 | 94 249 6.8 6.3 35.8
1991 | 1407 1239 1538 1446 1771 | 95 258 6.7 6.4 353
1992 | 1414 1244 1547 1458 1775 | 96 267 6.7 6.4 354
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The number of individuals considered to be active in the labor market, Vi, is the
total population age 16-74. Unemployment among these individuals, U, is obtained
from the Norwegian Labor Force Surveys. It is assumed that each unemployed
wishes to work in all the above sectors.

Time series of vacancies, Vj:, have been derived in a rather ad hoc manner. They
are based on the number of vacant jobs by occupation reported at the employment
offices at the end of the year. We have then made ad hoc assumptions about the
relationship (held constant throughout the period) between occupation and the de-
mand of the above sectors so as to distribute vacancies across these sectors. The
resulting numbers are multiplied by a factor to take into account that not all vacan-
cies are reported to the employment offices and that a given vacancy can represent
a larger number of available jobs.

The average number of man-hours worked in each sector is given by the variable
@j: derived from the National Accounts. Table 1 shows the magnitudes involved
for the variables discussed so far. The average number of hours worked per person,
L;: and the average amount of capital in each firm, K, are also obtained from the
National Accounts and are illustrated in table 2.

From the Survey of Level of Living 1991 we find that an estimate of E(w? |

% > 0) is 9.5 and of var(ws | I5 > 0) is 1.8. These figures make it possible to
calculate the relationship 8;;/«;; = 0.5. Lacking data for most of the other years,
it is assumed that this relationship applies to all sectors we are looking at and does
not change over time.

The average nominal wage compensation per hour worked, W;; is found in the
National Accounts and is illustrated in figure 1. Wages generally have followed each
other with the exception of the oil and gas sector. One might also note that public
employees have had a greater growth in wage compensation than those in the sector
producing non-traded goods. The general trend can in part be explained by reduced

working hours.
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Table 3: Calculated values of the parameter T
Tt T1t T2t T3t T4t

1972 | 0.086 0.040 0.21 0.11 0.21
1973 | 0.083 0.037 0.19 0.10 0.21
1974 | 0.088 0.035 0.20 0.11 0.23
1975 | 0.072 0.036 0.17 0.10 0.24
1976 | 0.073 0.036 0.15 0.11 0.26
1977 | 0.075 0.031 0.18 0.10 0.22
1978 | 0.071 0.032 0.18 0.10 0.26
1979 | 0.067 0.035 0.16 0.09 0.27
1980 | 0.069 0.031 0.19 0.09 0.26
1981 | 0.067 0.034 0.19 0.09 0.25
1982 | 0.067 0.040 0.19 0.08 0.27
1983 | 0.064 0.047 0.15 0.09 0.31
1984 | 0.070 0.046 0.16 0.10 0.29
1985 | 0.069 0.042 0.17 0.10 0.32
1986 | 0.084 0.041 0.20 0.11 0.35
1987 | 0.091 0.044 0.21 0.12 0.43
1988 | 0.091 0.055 0.21 0.12 0.49
1989 | 0.106 0.066 0.27 0.14 0.46
1990 | 0.108 0.068 0.27 0.14 0.44
1991 | 0.112 0.068 0.29 0.15 0.44
1992 | 0.113 0.071 0.28 0.16 0.47

We now have the observations needed to calculate the probabilities discussed
in section 2 and some of the aggregate relationships discussed in section 5. The
parameter 7 can be calculated, determining the correlation between desired supply
and demand. The results are given in table 3. We find that the correlation between
supply and demand has fallen in the first part of the period we are looking at and
risen in the latter part.

Before proceeding we must make a normalization assumption about the size of
the potential economy as discussed in section 2. This is done by assuming that there
are a total of 240000 potential firms, with 2000 large units in the public sector, 30000
firms producing traded goods, 200000 firms producing non-traded goods and 8000
firms in the oil and gas sector. These are ad hoc assumptions setting the number of
firms one would have if all possible firms were to be active. It is also assumed that
the number of potential firms is constant over the period we are looking at. This
need not imply that the observed number of firms is constant, but in our case we
have that almost all the potential firms are active and therefore that the number of

firms is constant.
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The development in the probability of a match in a micro market, P(l};;, > 0), is
shown in figures 2 and 3 for the different sectors. This probability is by far greatest
in the public sector due to the few but large units we have assumed there. It is
also the only sector in which this probability is increasing, while for the non-traded
sector it is declining.

Another way of viewing disequilibrium is by using the indicator given by equation
(5.33) in section 5. This gives the estimated probability that supply is greater than
demand in a micro market when supply is positive shown in figures 4 and 5. It
takes into account both situations where there is unemployment or vacancies and
disequilibrium situations where the agents are constrained in the number of hours
worked. In aggregate and for the traded and non-traded goods sectors this indicator
follows the business cycle showing a clear deterioration during the economic slumps
of 1983/84 and during the last six years. The public sector and the oil and gas
sectors do not follow the business cycle as closely. It is interesting to note that the
probability of excess supply in the public sector is increasing at the same time as
there is an increase in the probability of a match as seen in figure 2. This indicates
that the public sector has been attracting well qualified individuals who are relatively
likely to get employment there.

It is important to note that the lines in the figures denoting aggregate data are not
an aggregation of the disaggregate lines. The aggregate line is from a model based
on aggregate time series, while the disaggregate lines are from a different model
based on disaggregate time series. The main difference is that in the first case the
heterogeneity assumptions discussed earlier are made for the whole economy, while

in the second case they are made separately for each production sector.

52



Figure 4. Prob. that supply is greater Figure 5. Prob. that supply is greater
than demand (x1,000,000), part 1 than demand (x1,000,000), part 2

o 3.5
. e
501 9
A
2.51
45 , LT v,.,'
»° 2-

'0
40' "' —\[
4 ~
* 1.5 ~
s \ A Y ’/l » o~ -

S ' 05 — A~ |

25 B S Ty Gllll T 1 1 1
“Yo971 1975 1980 1985 902 1971 1975 1980 1985 1992

[ **== public sector | — aggreg = =" traded — non-tra-""""oil and

Figure 6. Nr. micro markets with pos. Figure 7. Nr. micro markets with pos.
supply minus the nr. with pos. demand supply minus the nr. with pos. demand

-500 200
-1m - "‘l l". 1
“\ n:‘ :‘. KA K :o"c E %
15001 s NT ANES v
PR YA A ) 0 ~
QN R g A —
-2000' N “.," .'- i .g ,r\¢’\1? -7
N 1 & -100{ /7
2l | Pelese © ¥/ —
-25001 :\‘ '.' : é
R -2001
-30001 N
L
35001 Vi 300
T 1Ty R L TV 11 LER BRI LBl ‘m T T T ™57y rrrr
1971 1975 1980 1985 1992 1971 1975 1980 1985 1992
{==- public -~ oil and gas | — aggregate == traded  — non-traded |

53



The indicator shown in figures 4 and 5 is based on the econometric model we
have discussed earlier. Another indicator, discussed in section 2, is the number
of micro markets with positive supply minus the number with positive demand,
M;: N [P(I3;;,, > 0) — P(If;;, > 0)], shown in figures 6 and 7. These figures basicly
confirm the picture given by the indicator shown in figures 4 and 5, although it is
interesting to note that the two indicators give a different picture of the development
in the public sector (figures 4 and 6).

From the observed ‘wages given in figure 1 we can calculate the theoretical wage
variable wj; shown in figures 8 and 9. The public sector behaves differently from the
others. The theoretical wage is increasing much more rapidly there than in the other
sectors. From figure 1 it is apparent that this is not just a reflection of the increase
in the observed wages, but is also also explained by the econometric model we have
developed. Increased relative wages are needed to draw workers to the public sector
so that increased matching probabilities (figure 2), increasing employment (table 1)
and increasing excess supply (figure 4) will be consistent with each other. From
figure 8 it is apparent that the non-traded goods sector has grown less attractive

over the period we are looking at.
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We now consider estimation based on the model presented in the preceding parts

of the paper. The equations we wish to estimate are given by

1 a; a
Lo et V) — =2 1 = )
Sit o log ((1 — t:)w;e) o o Met + Y1t (6.1)
D, = ——logwy,+ 2L '61" +ﬂ3 + Y2, 6.2
7t ﬂ 2i g Wit ﬁ2] ﬂ2] Myt ‘3 2 Jt 2;t ( )
" for the labor markets and
=1 c. Qp _
DY, = ——logp: + L + —l mct + Js, (6.3)
Qg Q3
/31 m Bs;
z. = 10 -|- 4+ — I{ + Js; N 6.4
fit 134,1 gpt ﬁ4] 1341 Mgt :8 » Jt 57t ( )

for the goods markets, where p; is the consumer price index and p;; is a price
index for the inputs used by firms in sector j. The variables S},, D}, and D% are
calculated using equations (5.19), (5.20), and (5.39). The variable D%, is derived
in an analogous manner to D%. The goods market is treated as a single aggregate
market. As mentioned in section 5, we also specify money demand equations as
functions of variables which function as instrument variables in estimating the above

equations. We choose to specify these by
4
M = 1+ 72 log(Gr) + 73 log (Be) + D vas - log (1 — t)se)
i .
+75 - log (E(C)) + s, (6.5)
for the individuals and
Mgt = Yei + i Kit +v8j - 1og (Bje) + Yo; - log (@jz)
+710; - log (E(CFie)) + Pt (6.6)

for the firms, where G} is the average consumption of public goods. For the consumer
the money variable /. mainly reflects the changes in fixed capital formation from
the National Accounts. Even though this is not a normal money concept, it must

be remembered that money represents the whole financial system in our model.
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Table 4: OLS estimation of money demand 1976-1991 (16 observations)

Parameter Estimated Standard t-statistic
error

et =71 + 72 - log (Gt) +73 - 10g (Be) + X 7as - log (1 — t)Bje) + 75 - log (E(CE)) + Faet
(R*: 1.00 DW: 1.50)

" -10.81 3.80 -2.84
2 0.69 0.33 2.09
3 -0.66 0.31 -2.09

Va1 0.46 0.22 2.10

Va2 -0.83 0.40 -2.07

Va3 009 0.36 -0.26

N 0.27 0.92 3.00
s 1.11 0.26 4.25

M1t = Y61 + Y71 - K1t + ¥81 - log (P1e) + Yor - log (D1¢) + Y101 - log (E(C2L,)) + Pane
(R*: 1.00 DW: 1.53)

Y61 8.21 5.15 1.60
7 -0.53 0.24 -2.19
781 -0.74 0.14 -5.37
Yo1 0.61 0.18 3.44
Y101 1.10 0.03 32.3

Mpae = Yoz + Y2 - Kzt + vz - log (Bae) + Yoz - log (Wae) + Y102 - log (E(C3,)) + Faze
(R%: 0.92 DW:1.22)

Y62 -46.17 7.13 -6.48
Y72 1.35 0.58 2.32
Y82 0.53 0.18 2.94
Vo2 -2.52 0.29 -8.69
7102 2.10 0.36 5.88

Msae = Y63 + Y73 - K3e + 783 - log (Pae) + o3 - log (Wst) + Y103 - log (E(Cgkt)) + 933¢
(R?: 0.99 DW: 1.50)

Y63 5.31 4.00 1.33
Y73 -0.38 0.24 -1.60
~s3 0.06 0.07 0.82
7Yo3 -0.006 0.09 -0.07
7103 1.03 0.08 13.1

igae = Yoa + Yra - Kae + Y84 - 10g (Pac) + You - 10g (Wat) + Y104 - log (E(CSy,)) + Faae
(R*: 0.99 DW: 2.18)

Y64 24.38 21.7 1.13
Y74 -1.25 1.11 -1.12
Y84 1.56 0.41 3.82
Vo4 0.42 0.81 0.52
Y104 0.84 0.45 1.87
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The resources available at the beginning of the period, E(C?,), are also obtained
from the National Accounts. The mohey variable of the firm myj; is derived in
a similar manner to that of the individual and is based on fixed capital formation
from the National Accounts while taking into account our assumption that the firm’s
revenues accrue in the period after production has taken place. To mention all the
minor ad hoc assumptions made in deriving these financial variables would take too
much space, but it is important to note that these variables are not very reliable.
The money variables can be constructed in many different ways based on different
interpretations of what they represent (to what degree they represent “pure” money
and to what degree they represent a complicated financial system). The tax rate ¢;
is the average tax rate faced by individuals in a given year including contributions
to the social security system.

The estimation results vary greatly across the different sectors. In general we get
better results for the labor markets than for the goods market. As mentioned earlier,
these results must just be taken as illustrations of the econometric model discussed
in the paper. The model itself has too little flexibility to give good estimates in all
markets and the data are in many cases poor.

Estimation of money demand was done using OLS, mainly because the short
time series available required a parsimonious econometric model. The results are
presented in table 4. Money demand of individuals and firms in the public and
traded goods sector are estimated reasonably, though the Durbin-Watson statistic
indicates the presence of positive autocorrelation. The income variable C*° is found
in general to be the most important determinant of money demand. Since these
demand functions represent reduced form equations resulting from a complicated
system, it is difficult to be sure which sign all the coefficients should have. Even so,

one would expect most of the parameters to be positive.
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Table 5: ML estimation of individual labor supply and demand for goods 1976 1991

Parameter Estimated Standard t-statistic

error
a;  -0.56516  0.15406 -3.67
an 0.00085  0.00015 5.71
asa 0.00172  0.00073 2.36
ass 0.00063  0.00007 9.23
Qg 0.00038  0.00010 3.79
as  -0.00007  0.00003 -2.37
, 15.26 257 5.95
ds 37.11 14.71 2.52
as  15.21 2.19 6.95
as 12.43 3.39 3.66
g -0.43 2.74° -0.16

St = s-log (1 — t)@ye) — 2 — 2Lymgy + d1yy

(R%* 0.89 DW: 0.49)

54 = a,,log((l — t¢)Wat) — ‘;:; o et + P12t

(R®: 0.44 DW:0.89)

S = =log (1 — te)Wse) — 22 — Sy + Pz

(R%: 0.94 DW: 0.80)

Skt = alog (1 — to)@a:) — 22— By + D1

(R%: 0.70 DW: 0.89)

D = —;Tlogﬁt + % + % et + U5t
(R?*: 0.67 DW: 0.82)
a; = 0
ag 0
azn 0.00083  0.00016 5.13
azz 0.00162  0.00074 2.20
a3 0.00061  0.00007 8.48
Q24 0.00036  0.00099 3.64
a3  -0.00007  0.00003 -2.47
a8 8.48 2.03 4.19
[ 28.75 14.66 1.96
as 8.39 1.47 5.70
a4 5.44 2.50 2.18
e - 6.63 2.56 -2.59
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An especially worrying result is that the parameter 74, is significantly negative
(the t-statistics should of course be used very carefully considering the many indi-
cations that our model is incorrectly specified). This implies that an increase in
ws; will increase the individuals’ supply of labor to sectors other than sector 3. (a
decrease in m,; decreases the reservation wage in these sectors). The estimation
of money demand in the non-traded and oil and gas sectors leads to few signifi-
cant estimates. This together with the high R? indicates serious multicollinearity
problems.

Estimation of the individuals’ supply of labor to the four sectors has been done
using maximum-likelihood estimation with the estimated results for money from
table 3 being used to calculate instruments for the endogenous money variables.
These estimation results are given in table 5. Note that the common parameter o
is derived simultaneously from these equations. The fit is fairly good according to
the t-statistics with all the parameters except ¢, being significant. If we consider
the parameter restrictions which applied to the utility and production functions
discussed earlier, then we see that the parameter a;, relating the influence of money
demand on labor supply, has the wrong sign. The individuals’ labor has therefore
also been estimated under the restriction that a; = 0. Results from this estimation
are given in the lower part of table 5. The R? and Durbin-Watson statistics are
approximately the same in the two cases. Both estimations lead to estimates of
the parameters aqg; to ag4 of the right sign and size. The Durbin-Watson statistics
imply that there is positive autocorrelation in most the estimated equations. This
also indicates that the variances are probably underestimated. Since the results
presented here are only meant to be illustrative, we do not pursue this using more
sophisticated estimation techniques. Instead we simply conclude that important
shortcomings of the model are the dynamic properties and the specification and

interpretation of money demand.
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Table 6: ML estimation of the firms’ demand for labor and goods 1976-1991

Parameter Estimated Standard t-statistic
error

Dlt = logwu + + 3—“- mjlt + %‘ Ku + P21¢
(R*: 0.95 DW:0.91)

fie = —pl08 Pt + 3‘— +6u P My + EL Ky + 51
(R2 0.99 DW: 1.49)

B 0.3618 0.1179 3.07
B2 -0.0003 0.0002 -1.59
B3 0.7054  0.8533 0.83
Bs  0.12E-06  0.3E-07 4.10
Bs1 4.9022 0.7618 6.43

b -17.30 16.49 -1.05
én -98.37 15.15 -6.49

Dy, = — g log Bt + 32 —Bz- mfzt + 7 é—‘ Kot + P22¢
(R2 0.60 DW: 1.14)

P12 -0.9215 0.6179 -1.49
B2z 0.0004 0.0004 1.04
Bs2 3.4040 0.7304 4.66

b2 -49.44 11.67 -4.24

Di, = —E—logwst + -+ B G > Mys + g K3t + Y23
(R?: 0.97 DW: 1.31)

B3 3.9434 5.2671 0.75
Bas -0.0009 0.0012 -0.75
B3z -2.0267 6.2585 -0.32

b3 -14.51 42.60 -0.34

Dy, = —plogWy + % + %;—f My + % Kyt + Vaas
(R*: 0.66 DW: 0.80)
fae = —;;ljlogﬁt + ;“ %ﬁ Mia + %ff(ff:t + Fsat )
R": 0.97 DW:1.71

B4 0.2596  0.0127 20.39
Bas -0.0001  0.6E-04 -1.84
B4 -0.9725 1.1724 -0.83
Bas  0.5E-07  0.1E-07 4.60
Bs4 0.1682  0.3646 0.43

by 13.15 21.55 0.61
Cra -6.79 6.31 -1.08
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If one views the inclusion of money in the utility and production functions as
arising from an underlying dynamic optimization behavior, as in for example section
3.2 of Andreassen (1993), then the above two shortcomings can both be seen to
reflect the same fact that the model does not adequately reflect the underlying
dynamics. Money enters the utility and production functions (which more properly
should be viewed as indirect functions where intertemporal considerations have been
maximized out) even though money has no intrinsic value. It’s importance is as a
means of transferring purchasing power over time.

A tentative conclusion is therefore that future research should concentrate on
extending the above framework to a dynamic setting. In general this will involve
looking at the formation of expectations, price and wage determination, and at how
these are reflected in an economy’s financial markets.

While far from satisfactory, the estimation results for the individuals’ labor sup-
ply is better than what was found for the firms’ demand for labor. Table 6 gives
the results from maximum-likelihood estimation for the firms’ demand for labor and
goods.

For the public sector and the oil and gas sector it was possible to simultane-
ously estimate the demand for labor and for goods. In the case of the traded and
non-traded goods sectors this leads to some coefficients not being estimated due
to singularity of the data. For these two sections we therefore only report single
equation estimates of the labor demand equations.

The results are generally characterized by low significance levels, especially in
the non-traded goods sector, and low Durbin-Watson statistics, implying positive
autocorrelation. As for the individuals’ supply of labor and demand for goods, the
high R?-s indicate high multicollinearity in the data. One might note that the money
variable seems better behaved than in the case of the individuals and that the wage
does not significantly affect labor demand.

The conclusions drawn from this are largely the same as those derived from

looking at the equations characterizing the individuals’ behavior. There is a need
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for a better understanding of the underlying dynamics. In the case of the firms this
includes taking explicitly into account investment behavior, leading to the capital
variable K capturing some of the firms dynamic considerations.

An attempt was made to estimate both the supply and demand for labor at
the aggregate level. For the individuals’ supply of labor and demand for goods the
maximum-likelihood procedure did not converge, and for the firms’ demand for labor

"and goods some coefficients were not estimated. Disaggregation lead therefore to
more satisfactory results. One might therefore speculate that further disaggregation
might lead to a further improvement in results. One might for example look at sev-
eral types of goods, instead of aggregating all private goods together, or disaggregate
individual labor supply by educational level.

The above results illustrate how the method presented can be used, but it is
apparent that much further research is needed before it can become a useful econo-

metric tool. In addition it is necessary to have better data than those used above.

7 Summary

This paper has presented an aggregation method based on a stochastic approach
using virtual prices which has lead to aggregate relationships which can be used
for estimation and to describe disequilibrium in the labor market. The method
developed is explicitly multi-market, enabling one to analyze different submarkets
simultaneously. The labor market was divided into aggregate submarkets, where we
assumed that a given subset of the parameters in the utility and production functions
were equal for the agents within one submarket. The remaining parameters, money
holdings and the capital stock were assumed to be distributed across each submarket
in such a way that the conditional demand and supply functions (conditional on
a set of transactions) were extreme value distributed. These assumptions allow
us to aggregate across each labor submarket, making it possible to identify the

parameters in the model using mainly aggregate data. Identification was obtained

62



using assumptions of separability and a knowledge of the reduced form structure of
the demand for money.

The econometric model derived in this paper rests on a set of fairly strict assump-
tions. These may seem implausible, but enable us to derive fairly simple aggregate
relationships based on explicit utility and profit maximization. One of the funda-
mental insights of past work on aggregation is that almost any macro economic
structure can be generated by a “reasonable” micro economic structure. It is pos-
sible that it in the future will be deemed preferable to specify the macroeconomic
structure directly instead of basing it on aggregation over micro units, but at present
we know too little about what type of aggregate macroeconomic structure should
be used. In an economy where prices do not clear the markets and where there
is rationing, the specification and interpretation of aggregate relationships depends
heavily on how rationing is distributed among individuals and firms. This paper
can be viewed as a tentative step towards a better understanding of how different
distributions of technology and tastes (and thereby of rationing) influence such ag-
gregate relationships. The results obtained indicate that the main shortcoming of
the present approach is the lack of dynamic specification. A more sophisticated
modeling of the agents’ intertemporal behavior, including the formation of expecta-
tions, price and wage formation and investment behavior, would therefore seem to

be an important area for future research.
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A Deriving aggregate expressions using the GEV

distribution

A.1 The probabilities discussed in section 5

In the following we derive the aggregate expressions presented in section 5. In the
same manner as in that section, we drop the subscripts denoting type of consumer

and type of firm. In section 4 we found the following equations (equations (4.22)
and (4.24):

log (I + 1) — & -pix = S —exany (A.1)
and
log(IR+1)—k-pa = D— ez, : (A.2)
where
1 - — —_—
S = (1—2 []'Og ((1 - tl)w) —a—Q mc] 3 (A3)
1 - _
D = ﬂ—[—logw+b+ﬂ1mf+ﬂ3K], (A.4)
2
€1i —(+—1')' —1—(-+a ) (A.5)
1tk = K as Hik as U2ik 1U1i )y .
1 1
€2 = (kK — = )ix + = (v2ix + Brvik + Barvar)- (A.6)
B2 B2

We now start with the probability given in equation (5.5),

P(l;; > 2|13 >0)

= P(max(e; — S,e2 — D) < g5 — z | max(e; — S,e2 — D) < ¢&3)

_ P(61—S<63—Z,€2—D<€3—Z)
- P(El—'S<€3,€2—D <€3)

(A7)

64



where z = log(Z + 1) and [}, is the transacted amount of labor. The stochastic
variables €1, €2, and €3 are jointly distributed according to the generalized extreme

value distribution expressed as

F(e1/0,e2/0,e3/0) = exp(—H(e1/0,e2/0,€3/0)). (A.8)

where H(e1/0,¢e2/0,€3/80) is a nonnegative function which has the property e™* H(y;,—
2,¥2— 2,73 — z) = H(41,72,73). As any one of the arguments go towards infinity, H
will do so also. The marginal distributions of the variables €;, €2, and €3 are extreme
valued. The extreme value distribution can be obtained as the limiting distribution
(as m — 00) of the largest value among n independent random variables each having
the same distribution. In this sense the extreme value distribution plays the same
role concerning maxima (minima) as the normal distribution plays concerning aver-
ages. For a more detailed discussion of the extreme value distribution see Galambos
((1978).
For analytical convenience we introduce the transformed variables é6; = (e; —

S)/0, 62 = (e2 — D)/0, and b3 = (e3 — 2)/0. The distribution function F™* for these

transformed variables can be written®

F*(81,02,03)
= F(Jl + 5/0,62 + D/0,63 + 2/0)
= exp(—H(é6: + S/6,62+ D/0,65 + z/0)). (A.9)

The first step is to find an expression for the numerator in equation (A.7), P(e;—S <

€3 — 2,62 — D < e3— z) = P(8; < 83,82 < &3). We have that

5Note that the Jacobian determinant of the transformation from the d-s to the &-s equals 1.
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P(61 < 53, 62 < 63)

= /o:o P(6, <y,0: < y,65 € dy)

= /_ o:o F3(y,y,y)dy
=_ /_ " exp(—e YH(S/8, D/6,0))e~vdy Hs(S/6, D[8,0),

Hy(S/6,D/6,0) |° [ _,
_ “H((S//o, D//0,0)) ew (—e"vH(5/9,D/6,0))

_ Hs(S/6,5/9,0)
= H(S/6,D/6,0)

where we have used the property that e™¥ H(v1 — y,v2 — 4,73 — ¥) = H(71,72,73)-

(A.10)

The functions F3 and Hj are the derivatives of F* and H with respect to the third
argument.

According to section 5 the function H is specified as

H(e1/6,62/0,e5/8) = (e7/%7 4 e722/%7)" 4 e7=0/°, (A.11)

where 7 > 0 is a parameter. This specification implies that the stochastic variables
€1 and €, are independent of €3 and that vare; = var €5 = var 3. The interpretation
of T is as 72 = 1 — corr(g;, €2).

From equations (A.10) and (A.11) we obtain

e—z/e

Pley—S<ez—z,e2—D<ez—2) = (e=5167 y =DIo7)T } e~#/6"

(A.12)

The probability of [}; being positive is derived by setting z =0 (£ =0 = z = 0)

in the expression above,

P(l;; >0) = P(e;— S <e3,60— D <e3)
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1

= 1+ (e—S/O‘r + e—D/E'r)T’ (A'13)
and the conditional probability P(l5, > Z | {3, > 0) is thereby given by
Pl > 5|1, >0 ! "
(ti>2[G>0) = P(l5, > 0) e/% 4 (e-5/67 4 e~DIor)"
-log(z+1)/6
= 1 ° (A.14)

P(l% > 0) . e-log(z+1)/6 + (e—-S/eT + e—D/eT)T
The probability P(log(l}, + 1) > h | I > 0) can be found by transforming the
variable Z to h = log(Z + 1) to get '

_ S D exp(h)—1
Plog(i5, +1) > k|5, > 0) = 1 Hy(5,2, ==l

P(l:k > 0) H(%, %’ exp!:z_l)
1 e—hl®

' = (A.15
P(l3 > 0) e #0 4 (e=5/67 + e=D/6r) ( )

Earlier in the paper we defined the Clower supply and demand variables /5, and
IR, which denote desired supply and demand given the realized transactions of the
agents. Following the same method as above we can derive the probabilities that

these conditional supplies and demands are positive as

P(li > 0) = P(€1 -S< 63)

"‘HS(%’ O0,0)
H(%, 00, 0)

1

and
P(IR>0) = P(e2— D < &3)

"HS(OO, %’0)
H (oo, %,0)
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1
= ————1+e_D/9. (A17)

The probability that supply is greater than demand in a micro market when

supply is greater than zero is given by

P(5 > 18,15 > 0)
= P(erir — S < €2ix — D, 10 — S < €3ix)

= P(ewr — S < €3it) — P(€1ik — S > €aik — D, €16 — S < €3ik)

P(erir — S < €3ix) — P(erix = S > €2 — D)

+P(e1ik — S > €2 — D, 10k — S > €3:k)
= P(I5 >0)— (1-P(I5 > 1R)) + P(I, < 13,15, < 0) (A.18)
The probability P({5, > 0) was found above and P(I5, > IR) is given by
P(5 > 18
= P(€1—S<€2—D)

= P(6, < &)

I

/°° P(6, < 2,6, € dz)

= /oo F3(z,2,00)dz

_ H2(%’ %7 00)
H(%’ Le)" 00)
exp(—D/(6 7))
exp(—5/(0 7)) + exp(—D/(07))
= 1 (A.19)
1+ (exp (D — S))/CE” .
The last probability in equation (A.18) is given by

P(lgc < lgc, l;-s;c < 0) = P(el,-k -S> E2ik — D,&uk -S> 63,'k)
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= P((sg < 51, 03 < 61)

—H,(5/6,D/6,0)
H(S/9,D/9,0)

(e—S/(O‘r) + e-—D/(OT))‘r—l e—S/(BT)

= T (&SI 1 e-DI6D) 11 (8.20)

Substituting in from equations (A.16), (A.19), and (A.20) into equation (A.18) and

rearranging gives us
P(l ik > l;k’ > 0)

= P(E>0) - (1 P(l 1%)) P(i3, > 0). (A.21)

A.2 The expected values E(l% | I} > 0) and E(wy | I > 0)

We now derive the expected value of [}, when [} > 0. Using the results above we

have’:

E(L |15 >0) = /()“P(z:,c>2gz:k>0)dz

log (z
P >0) >°) Z“H(% %,1—9%2—*%
0 S D S D
= m(logﬂ(g,—a-, 0) —log H(, 5, )) (A.22)

Assuming that H(e,/0,e2/0,e3/0) has the same specification as before we get

E(l3 | 5 > 0) = p_(%;ﬁj(log(m)

(s )

“We use the fact that for any probability distribution f with the corresponding cumulative
distribution function F we have that Ez = [;° zf(z)dz = [; (1 - F(z))dz.
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—0
= —— —P(l;. >0 A.23
P(l:‘k > 0) 10g (1 ( ik > )) ’ ( )
where P(I%, > 0) is given by equation (A.13). In the same manner we can derive the

ik
expected Clower demands and supplies conditional on these demands and supplies

being positive,

= A —P(3 A.24
E(15, | 5% >0 = 5= (1-P(E >0) (A-24)
and
-0 ' D
— I — P(1* A.25
E(I2 |12 > 0) T S0) log (1 - P(I2 > 0)), (A.25)
and conditional on the transacted quantity being positive,
-6 1+ exp(—S/O)
= — 7 A.26
Bl 16> = 557 8 ( exp(~5/9) (5.25)
and
-6 1+ exp(—D/ 0)
— _ . A.27
B2 1G>0 = 5oy o (et (420

From equations (A.23), (A.24), and (A.25) we see that when the probabilities P(I7 >
0), P(I5, > 0), and P({2 > 0) are small then E(I3, | I > 0) = E(I5, | 5, > 0) =

E(R|R>0)~0

The expected value of the logarithm of [} conditional on transactions being

positive is given by

E(log(L3, +1) | [5, > 0)
/0 " Plog(li +1) > A | I, > 0)dh

Hs(% %
D_exp(h)-L
’ 8

0
?‘Q)
v

- P, >0)/
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'pve>—0) (eXP( ) log H(3, 5,0) — exp(~00) log H(3, 5+00) ) -

In deriving the expected value of w;; when I3, > 0, we start with the decomposi-

tion w;x = Wwexp(uik) in equation (4.20) and the extreme valued stochastic variable

€3 = kpik. Taken together these lead to the following expression for E(w; | 7, > 0):

E(wik I l:k > 0) = ﬁ;E(ees/" l l:‘k > 0)
= — Y
P(l O) / e P(51 <y, de < y,e3/0 € dy)
- P(l,c > 0) / e’ Fa (v.¥,y)dy

— -y(1-%) =Y+ .
s g 0 [ e expl—e ) dy, (A29)

where A = log H(%,2,0). Introducing the variable § = exp(—y + A) leads to

E(w.-k I l;k > 0)
—w

= WH (D > 0)/ —exp((log § — A)(1 — —))6_y dj

- P—(lg’;—ojlf(’g ‘20) [exp( logH(-g—,—g—,O)(l—%))]l‘(l—g). (A.30)

From the definition of H(e,/8,e2/6,e5/8) it is apparent that

S D

o 0,0)(1-—) = (P53 >0)'"*. (A.31)

exp[—log H(-,
From (A.11), (A.30), and (A.31) we thus get
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E(w|l; >0) = zb(?(l}“k > 0))™%/*T (1 - %) . (A.32)

A.3 Deriving an expression for the second order moment

In section 5 of the paper it is stated that if we have knowledge of the variables
E(wi | I3 > 0), E(w% | I > 0), and € we can determine the parameter . The
expression E(w?, | I5, > 0) can be derived in the same manner as E(wy | [ > 0)

and it is readily seen that

B(w} | 15 >0) = @°E(ex™ | I} > 0)
—2
w 0 2y
S * d
P(l:‘k>0) f_ooe FS(yay,y) Y
— 2 * —2¢ 6
= @[ >0)~r(1-~). (A.33)

Hence equations (A.32) and (A.33) imply that

L iog B(w2 | 2 > 0) — log E(wa | I, > 0) = L1 o —%) (A.34)
5 08 (wii | i > 0) —log E(wir | 5, > 0) = §°gm’ .

Since the following applies in general

-;—log E(w?,c | I3, > 0) — log E(wix | I3, > 0)

1 Var(wik | l"kk > 0)
_1 i . A.
518 (1 i EZCALEY) (A3
we obtain
x| —2¢
1+ var(wie | 15 >0)  T(1 ) (A.36)

E(w? [ 1% >0) - %)2,
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which is a non-linear equation in /k. Due to the fact that the I' function is in-
creasing amd convex it can be demonstrated that (A.36) determines 6/« uniquely

provided 8/ < 0.5.
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