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PREFACE

In the , 'Norwegian planning models developed by the Central Bureau

of Statistics the bulk of imports is determined by means of an import share

matrix of constant coefficients with exogenous adjustments. Recent work

has attempted to endogenize these coefficient changes by making them

functions of the relative price of imports.

The introduction of such an explicit functional form, describing

the substitution possibilities between the imported and the domestic input,

raises the question of whether one should continue to insist on the fact

that the volume share of imported and domestic input should

add to one, and what the consequences of such a normalization would be.

The paper attempts to answer these questions first at the level of the

input to a single sector, and then in the context of a multi-sectoral model

as a whole.

Central Bureau of Statistical, Oslo, 10 April 1983

Arne Øien



FORORD

De norske planleggingsmodellene bruker en importandelsmatrise for

å bestemme importnivået. Elementene i denne matrisen  er, med unntak av

mulige eksogene endringer, antatt konstante. I den senere tid har en arbeidet

med å endogenisere disse andelene ved å la dem bli funksjoner av den relative

importprisen.

Innføringen av slike eksplisitte funksjonsformer, som tillater  sub-

stitusjon mellom importert og norskprodusert vareinnsats, fremtvinger spørs-

målet om man bør fortsette å kreve at volumandelene for importert og

hjemmeprodusert vareinnsats skal summere seg til en, og hva følgene av en

slik normalisering vil være. Denne rapporten prøver å besvare disse spørs-

målene, først ved å se på vareinnsatsen til en enkelt sektor, og deretter

innenfor rammen av en fullstendig flersektor modell.

Statistisk Sentralbyrå, Oslo, 10. april 1983

Arne Øien
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1. 	 Introduction

This paper will analyze the consequences of using inconsistent

Laspeyres and Paasche ind,aces when modelling the behaviour of import shares

in a simultaneous, multisectoral model.

In earlier works [see Frenger(1979a, 1979b, 1980) ] we have used

neoclassical production theory to explain the relationship between domesti-

cally produced and imported inputs. Total input of a commodity into a

sector, f . ex. input of the i'th commodity into the k'th sector, is there

defined by the neoclassical production function:
	

is no longer the sum

x . 	 =	 f

(measured in constant prices) of the imported and the domestically produced

input. In practice, however it may be convenient to insist on this adding

up property, as is, for example, done in the national accounts. This is

equivalent to defining the total input of commodity i to sector k as a

Laspeyres quantity aggregate, while the implicitly-defined price index

becomes a Paasche aggregate. The purpose of this paper is to study the

consequences of using these Laspeyres quantity aggregates and Paasche price

aggregates when the true relationship between imported and domestically

produced inputs is described by a neoclassical production function..

	A 	 B 	 of im ored and domesticallproducedkLet xi and x ik •be the quantity 	 impor 	 y p

input i delivered to sector k. The substitutability between the two inputs

is described by the linear homogenous production function

ik (xA xB )ik 	 ik' ik	 '

where x
ik

represents the "total input" of commodity i into sector k. If

additionally the prices of the imported and the domestically produced

inputs are 	
A 	

, 	 ' 	 r ^ u ^r minimizes oi p s 	 e
B

p i and p, respectively, and the p od c^ 	 cost,
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then the substitutability between the two inputs is equivalently charac-

terized by the dual unit cost function

ik A B
P ik 	-	 c 	 P i ,P i ) . (1.2)

Ina lied situations it may be convenient to assume that 
fik 

and c
ik
 arePP 	 Y

CES functions, but most of the following analysis will be conducted in

terms of arbitrary neoclassical functions. Applying Shephard's lemma to

the unit cost function (1.2) gives the domestic coefficient and import 

coefficient functions:

A ( A B )
mik p

i p i 	=
. 	 xA CpA,pB)a 	ik A B 	 l.k  

A c (Pi^Pi) 	 = 	 x .ap . 	 ^k
^ (1 .3 )

B
m.
i

A B ) =
xB (pA ^ PB)ia 	k	 (A B 	 ik c 

B 	 pi'pi)
	 =

x.
åp .	 ik

i

which may be interpreted as the unit factor demand equations.

• In the empirical work [Frenger (1979a, 1980) ] we used this theoreti-

cal framework to estimate the ratio xA /xB . The assumption of a CES
ik ik 	 P

technology with S 
ik 

as distribution parameter and o ,
lk 

as the elasticity

of substitution, gave us the relationship

	A	 A
x ik 	1-Sik 	pi

	

ln B 	 = ln S 	 — ^ik ln B
x ik 	

ik 	 p.
(1.4)

which is linear in the relative prices, and independent of the unknown

1 )input"nput x
ik'

1) See Frenger (1980) , p. 13



The coefficient functions mA
ik 

and mB will satisfy the production
lk

ik ,ik B 	 A 	
B> 1 forfunction f 

(mik ,mik ) 
_ 	 in1, but we will 	 general have m. +

k ni.

other than base year prices. But we can normalize these coefficients by

defining the domestic shares and import shares measured in constant (base

year) prices:

MAk (PA^PB) 	 =

A A B
mik (P i' P i ) 

A A B 	 B A B	 '
m
i^P i' P i ) + mik (p i' P i )

(1 .5)

B A BM
ik(P,Pi) 	 =

B 	 A B
.

mik (P i' P i )

m. ( 
A B + mB ( A  B )

ik P i'Pi 	 l.k P i P i

It follows from the definition that

ik
	 1

The domestic and import share functions 	define the unit isoquant of the

Laspeyres output aggregates, and implicitly they define the Paasche price index .

PA^ + BØ
_ 	 1 ik 	 P i i.k

q ik 	 A 	 B
m ik + m ik

(1.6)

The next section will analyze the consequences of using inconsistent

aggregates as applied to the input of an arbitrary commodity, domestically

produced and imported, to a single sector. Most of the analysis will be

in terms of an arbitrary neoclassical production function, but we will

use a CES technology to illustrate our conclusions. In. section 3 we present

a neoclassical import model based on Frenger (1979b) , and then use this

model in section 4 of draw conclusions about the use of inconsistent aggre-

gates in a complete model.



	B A B	
B A B )

	M (P ,P ) 	 = 	 P ^P

A Am(p,pB) + m ( A B )P P
^

(2.1.2)

1 0

2. Import shares and Paasche price indices

This section will analyze in greater detail the import share func-

tions M
B
(p
A
,p

B
) and the Paasche price aggregates  { 

A B
) [see (1.5) and (1.6)P P 	 Pq P ^P

respectively] ,and since we will be concerned with the flow of a single commo-

dity to a single sector we will for the duration of this section ignore

the commodity and sector subscripts.

2.1 Laspezres import share indices

The import share indeces MA and MB may be considered as a pair of

Laspeyres quantity aggregates, given that the base year prices are identi-

one ( A= B=1 icalln the base ear :
 1)

y 	 P P 	 y 	 )

-A 	 m ( A , B )
MA (P

A
 ^P

B
 ) 	P P 

Am ( `4 B 	 B A B, ) + m ( 	 )
P P 	 P

(2.1.1)

The import coefficients m and m B are of course determined by the neoclas-

sical technology described by c(pA ,pB) [see (1.2)]. It follows from the

concavity of the production function that

A, A B) + m ( A B ) 	 > 	 1 	 ( 2.1. 3)P ,P 	 P ^P 	 ^

and thus that

1) See eqs. (1.5) above.
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P

domestic
input

Fig. 2.1.1 -Derivation of the share functions M A and MB

importe d .

input

P ^
o^

1̀ 'r - (P A ,P B )	 <
	

A (PAaPB )

(2.1.4)

MB ( A , B )	 < mB ( A , B) •P P	 P P

This inequality is illustrated graphically in fig. 2.1.2 below.

It seems difficult to interpret MA and MB as factor demand equa-

tions derived from an underlying production function via cost minimization.

They can probably best be interpreted as approximations, and this approxi-

mation may be illustrated by use of the following figure. Let y=1 represent

the unit isoquant and let P -P represent the (relative) prices of the base
0 0

year. PO-P 0 will



M-̂

1MB
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form a 45 ° angle with the axis since prices are normalized to unity in the

base year. The line P 0-P0 represents the set of points whose sum equals

one. The baseear coefficients mA and mB are represented by the point A.Y 	 0 	 P 	 y 	 P

Due to the base year normalization we also have that 0 • 0'

Bm 	 = MB and m
o
	B+ m 	 = 	 1.

0 	 0 	 0

• 	

0

Assume now that the price of imports increases and that the new

relative prices are represented by the slope of P 1 -P 1 Production will

shift to point B and the new coefficients will be m and m i . But, as we

	

P	 1 	 1

diagram, m
A B 	 B

1see from the dia 	 m 	 1. 	 We now determine the shares M and Mg 	 1+ 1 	 1 	 1

by reducing m and mB proportionately  b a f actor 0, so that GmA + OmBY 	 g 1 	 1 	by

This 0 is given by 0 = (m +m B ) -1 <1 and it gives:1 1 	 g

A
m 1

A 	 B
m1 + m 1

B
m1

A 	 B
m1 + m 1

This proportionate reduction is represented by the line0-R, and the new

import shares are given by the point C. This point C has to lie on the line

PO-P0 , which represents the set of points whose sum is one.

It should be pointed out that the location of the point C depends

on the elasticity of substitution, .i.e. on the curvature of the isoquant.

A different a would, with the same change in relative prices, have given us

a different point C on the P
0
 -P

0
 line.

^
We may look upon M( A B ) 	= 	tMB ( A^ B ) ^MA ( A^

 B ) ^ as a mappingP^P 	 P P 	 P P 	 g

from theos it ive orthant R2 into the 2-dimensional   simplex  P 



1.00 3.002 .00
B

/p

0.50

0.00 	

0.00
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S 2 = {xeR+^x 1 +x2 =1 }
	

The functions M- and MA are homogeneous of

degree zero in prices, and may thus be expressed as functions of the price

ratioo A B . Differentiating  MB with respect to this price ratio ives2 )ti  P /P 	P	 P 	 g

3MB
	= p

B 2 A B 	 A B 	 A B 	 ,_
A B 	 - Å 0 (P 'P ) ÅB (P 'P ) c 	 )

(p /p ) 	 p
. 	 (2.1.5)

Since cam' the second derivative of the cost function, is positive, it

follows that MB is a monotone non-decreasing function of the price ratio

A B
p /p 	 This is illustrated graphically in fig. 2.1.2:

Fig 2.1.2 The imp ort share M B and the import coefficient mB

1) Using a CES function with 6 = 0.5 and a = 1.

2) See (2.2.2) below for a formal definition of O.



ABA  B( 	 )

P /p

amB_.. 	 c 	- (2.1.6)
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We have implicitly been assuming that c( A ,  B) is twice continuously

	

P P 	 Y

differentiable. This ensures that m and mB exist and are continuous

functions . 3) Thus MA and MB are continuous. Thes. 	 mapping M need not be onto

the simplex S 2 : the Leontief cost function, for example, is continuously^ 	 P ^ 	 Y

differentiable, but MA and MB are constant functions. The mapping will be

onto S 2 if and onlyinputsif both  	 are non-essential.

From (2.1.5) it follows that M B may be considered as a first order

approximat ion at the base point, since we there have that

This is illustrated graphically by the tangency between m B and MB at pA P/ B = 1

in fig.2.1.2. In general, however, the inequality (2.1.4) will hold.

3) Formally, this has the unfortunate consequence of excluding the case
where a = 00, i. e. the case where the Laspeyres aggregate is a consistent
aggregate.



2.2 Paasche Erice indices

import  share indeces M 
A and M- , itHaving defined the Laspeyres 

remains to define the Paasche price index:

C A ^PBq)	 =P
c(p A ,pB )

AA 	 BB
p m + P m , 	 _

m (P  B) + mBC
BAB

P ^P 	 P
A 	 Bm + m

= p - M + pBM M P -p
B) +' PB (2 .2.1)

where m m m and MB are functions of the prices
A B )

P ,P Note that

	mA A B 	 _ ^( A B ) m(pA , p
B )	Cp ^P )	 P ^P

MB A B= 	 0( AB) BABB )	Cp ,P )	 P ^P 	 P ^P (2.2.2)

A B = 	^( A B) cC A , B) ,q Cp ,p ) 	 P P 	 P P

where

_	A B	 _ 	 A A B + B ( A B

	

^(P ,P ) 	 [m CP ,P ) 	
m 

P ,P

The Paasche aggregate q( A B) is linearly homogeneous in prices,^P 	y	 g 	 P 	 ,

CpA , B )P

monotone increasing in at least one of its arguments (insuring that m +mB > 0 ).

We know [see f . ex . (2.1.3) ] that m +mB > 1 . Thus it follows that

q(pA , B ) 	 < cC A B) .P	 P ^P ^ ( 2 .2.3)

and is defined for all positive prices for which is defined and



We are interested in studying in greater detail the behaviour of the Paasche

AB 	Let us first consider its firstIndex q(p ,p 	is it monotone, concave...?   

which we may compute, using the fact that MA + M- = 1 andderivatives,y 	 p 	 g

eq s . (A1.2) in the appendix:

a( A B ) 	_	 A 	 2 c 	 A 	 B
q 	 = 	 _9. P ^P 	.- M 	 - c 	 0 	 (p -p )
A	 4.A AB 	 P A

B= 
^ 	 A

J
M^ ^ - ^^ 	 ( p - p ) ,

MB A

P

^
(2.2.4)

qB
a ( A ,

 B )q P P 
a BP

MB 
+ c 82 =( A - B)

AB B P P
P

= MB ^1

B Atp
P

- 	 (1- q) ^

B_1 P

MB
r

1 +

L

(2. 2. 5)

where the elasticity of substitution .

c ( A , pB) c ( A ,

 B )
= 	 A B 	 __ 	 AB P 	 P P

^ 	
^(p ' p ) 	 A A B B A B

m (P , P ) m (P ,P )

( 2. 2 . 6 )

depends on the prices. We have chosen to present three alternative

expressions for qA and q B above.

It may be noted that Shephard's lemma does not hold for the Paasche

index A B ) . Expect for the base point, where A = B and 	 = MA = mA , andq(P ^P 	 P 	 P 	 ^ 	 P 	 P ^ 	 qA

qB = MB = mB we have that



A
A 	 B

Pfor p <^ M
A
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^ MA for Aor 	 > 
B

P 	 P

(2.2.7)

A 	 B
P

q B t < MB 	for
A ^ B

P 	 P

for p 	 >

Additionally, while MA and MB are always non-negative, the derivatives of

q may in fact be negative. We see from (2.2.4) that

	A 	6^B
i	f 	 P 	=	 (>1) 	 , 	 (2.2.8) •

	

PB
	

GM
B

and from (2.2.5) that

	A 	 6M^A - 1=	 0	 if 	 P 	= 	  (<1) 	 , 	 (2.2.9)
	B 	 oMAP

where ^, MB and 6 are functions of the prices. The equations (2.2.8) and

(2.2.9) may have multiple solutions. Let

= 	 inf
Af

1 P
B

P

A B
yp.  ,P ) <

^

(2.2.9

sup P
B

1. 1PA

gB(PA'PB) < 0

and define the convex cone 4)

4) Either or both of the sets defined in
 

2.2.9a) may be empty, in which case
= + co, and sup 	 co.
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^ A 1 	 A 	 JA\
II	 =	 { (P ^P ) 	 = S P ^  	 P ^P ^ 0} . 	 (2.2.10)

I 	 A BB lpBjpB
t J
	 ‘p13)

H is thus the largest convex cone containing the ray [ A = p
B
 on whichg 	 g 	 ^ P

( A ,
 B) is monotone nondecreasing in both its arg It follows alsoq P P 	 g 	 g

from (2.2.4) that

q
A

P

q 	 >
B

P

1 	1_ 

1
a

(2.2.11)

for (pA , PB )

The second derivative of q(p
A
,p

B
) is

qAB
 P

 A^pB) 	
=

dqA 

d BP

MY 	A B
[( + ) + 6(MA - M )(p - p )} -A B P P

P P

B P A - p
 B aG 

A
	å 

B
P 	 P

(2.2.12)

6 mAmB 
A B

P P
- ^) ( .A+ Bl	 ) + 2 6P P 	 q

B c^6 
(P
	
B )-rP P 0- B

ap 

Thus the second derivatives of q involve the derivatives of the elasticity of

substitution, i.e. the third derivatives of the cost function. It seems dif-

ficult to have any opinion about the behaviour of this third derivative, but

we note that this term will vanish at the base point, where P A PB = 1.

At the base point, with MA = m4 , and MB = mB we have in fact that:
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= 2 6 m mB =q AB 	 2 c 	 > 	 0. 	 (2.2.13)AB 	 ---

Thus q is concave at the base point, and the implicit elasticity of substi-

tution of the Paasche aggregate is twice that of the consistent aggregate.

The Paasche aggregate need not be concave. A counterexample will

be provided below by the CES technology with c > 1. We may however, by

analogy with (2.2.10) , define the convex cone F

=	 {(p ,p)AB q(PA ,PB is concave,
A B
P =P ^ F) , 	 c2.2.14>

as the largest convex cone containing [ A=p
B .

g 	 g P on which  (  A`, pBq P 	 ) is concave,

i .e qA > 0. The cone F will be closed. It will in general not be possible

to say anything specific about the relationship between the cones H and F

expect for the fact that their intersection will contain the ray [pA = p

But the properties of monotonicity and concavity seem to be of so great im-

portance for a price index that we will define the neoclassical region 

=	II (2.2.15)

as the closed convex cone on which Pqich ( A ,P B) behaves "as one would expect

it should".

We may however show that the epigraph  of 5yq and its level sets,

have a more modest convex-like properly. A set S is said to be star shaped 

with respect to the point xES if the line segment joining x to any other

point in S 'is contained in S.

See Rockafeller (1970, p.23) for the definition of epigraph of a convex
function. It is defined by

epi(q) 	 = 	 { (pA,P3,q) - ^I q< g(PA ,PB ) }



0
ØA
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Lemma: the epigraph of q, epi(q) , is star shaped with respect to

the points on the ray t( A,pB)IP 	 P
A _ B } .

P 

Proof: The proof will be more general than needed, in order to

demonstrate an additional property of q. Define the convex combinations

+ (1 -A) A ,
2

	p B 	
= 	 XpB 	 + (1-X) 	 p

2 
.

	0	 1 	 p 2

A

	

 without loss 	  	 that A B < 	 B. This implies  that

	

Assume ^t 	 ss 	 of 	 p/p — p /p2 2 	
p
t /p 1

.

	A
	

A
	

A
	P 2 	P O 	 P 1

	B
	

B
	

B
	P 2 	 p 0

	

p 1

It follows from the monotonicity of M B [see (2. l . 5) ] that

	MB (p ) < 	 MB p( ) 	 < MB pC 	 )	 .2 	 --- 	 0 	 — 	 1
(2.2.16)

We have usedP 	 P( A , pB) to designate the two-dimensional price vector. The

line segment [p 1 ,p 2 ] is contained in epi(q) if

> 	 Xq(p 1 ) + (1-X)q(p
2
) 	 .

Using q(p) = M - (P) (pA-pB) + pB
	

and MA+MB = 1 	 gives

_
PO (p1p1

A B 	 A
P 

B + B
- 	 ^ MA( ) 	 - ) + (1 -A) ^( ) (13 2- 1) 2) 	 P0 ,O

. q(P 0)



of R2 is contained in epi(q) In p art icular it

that p 1
 belongs to the closed upper half of the positive orthant and

the closed lower half, i. e.

P2

B Aand P  -P22

This implie s that any line se gment [p ,p 2 11

A 	 B
segment starting at a point on [p = p ] is contained in epi(q) since

A_ B . 	 . 	 f R2[p 	 p 1 is contained l.n both closed half s o  

B
P 1
B

P 1

A
P 2
B

P2

and the difference

and

Xq(p1) (1 -X) q (P 2 ) 	 = ^ MAC ) ( A- B) + (1-X) MA (	p 1 	 P1 p 1	 P2

A }3 	B
(P2-132) + PD

q(P0)	
g (P 1 ) _ (1_A) q(p 2 ) 	 =

(2 .2 . 17)

[M (p fi) -m iP l )] ipl + (1-A) MA( )]( ^- A)P 0 	P 2 P 2

Both expressions inside the square' brackets are positive by (2.2.16). Assume

Let us consider the level sets of q. They will all be sim ilar since

q is linearly homogeneous , and we need therefore only cons ider the unit

level set
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L	 = 	 (p^, B )	 ( 
A B

) > 1 	 .{ 	 P 	 ^ g P ,P 	 }

We know that (1 ,1) belongs to the boundary of L and that any ray from the

origin intersects the boundary only once. We can further show that any

ray formed by a price vector with strictly positive coordinates must intersect

L.

Lemma: The translate {(1,1)}
	

2 of the closed positive orthant belongs to L,

i.e.i 	 { (1,1)} + R 	 c L.

Proof: From (2.2.1) we know that the boundary of L is determined

• by the condition

- MA(
 A B  ( A B ) .
P ,P 	 P P

Assume that pA > p B . The expression on the left is bounded above by 1P 	 y

since MA(P 
A ,PB ) > 0 and we obtain that:

P
 B 	

on boundary of L for a pA > p
 B

Similarly we can show that

1 on boundary of L for B < A .y 	 P 	 P

The condition cannot be strengthened, since equality will be obtained if one

of the inputs is non-essential. This will happen if for a sufficiently high

PPA/ B mA and thus MA become zero.

B
P



X ( A , B )P P [(1- 6)(  A) -6 + 6(p B ) -6J .P

Then the sum of the coefficients becomes

0-1 = m + m = X c 6 .

2.3. CES technolo .ax

We will now analyze in greater detail the behaviour of the import

share functions and the Paasche price index when the true technology can be

represented by a CES function. The CES unit cost function can be written

(6#1):

1

	A B 	 A 1-6 	 B 1 -c^ 1-^

	

c(p ,p ) 	 = C (1-S) (p ) 	 + 6(p)	 ^ ( 2 . 3 .1 )

while the domestic and import coefficients are

(1-S) P c

B
P -6
c

. 	 (2.3.2)

23

Define the function

The Laspeyres domestic and import shares can be written:

= 	 (1- S)
A -a

P
X

while the Paasche price index is



5.0	 .0	 1.0 /

5.

24

= p Ø p B
MB _ X-1 c 1-C7q 	 + 

(2.3.6)

(1 -S) ( 
A)
 l-6 + S ( B )

1-6

P 	 P

(1 -6) ( A ) -a + S (13 13 ) -GP

Figure 2.3.1 shows the import share as a function of relative prices p
A 

/p
B

for five values of 6.

Fig. 2.3.1. - The import share MB for various elasticities of substitution
(6=0,5)

B

0.75

0.50

0.25

0.00

0 0.3 0.6 I.	 1.5 3 8
A B
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= 6 ^^ 

AB 	 A B ^ (1-6)
 (pA+

 P B) + 26g] •
B

(2.3.9)

Can the Paasche index be a decreasing function of prices when the

true function is a CES function? We see directly from (2.2.4) or (2.2.11)

that q
A , 

q
B 

:>0 0 when a < 1. But, as we will now show, q
A
 and q

B
 will be

negative for some relative prices if a>1. Using (2.2.4) , (2.3.5) , and (2.3.6)

the derivative of q with respect to the domestic price becomes:   

_
1-^

1 G (l c 
^ A
P 

qA
(pA) -6(1 -S) (2.3.7)     

= 	 (1-s) x-2 ( 
A) -a-

P
B ) 1-

P

A 1-a 	 A

(1-6) PB 	+ (1-6)S pB\ + 66
P 	 P      

Let t represent the relative price (t=  A/ B) . Then q = 0 whenP 	 P 	 P P 	 o

Ø (t) 	=	 (l)t 1 -
 6 + 

(1- a) St + 06 	 (2.3.8)

equals zero for som t>0. It is not possible to solve (2.3.8) explicitly,

but (I)(1)  = 1 and Ø (t) will be negative for a sufficiently large t. Thus

1)(0, being continuous, will be zero somewhere in between. Further note that

q)' (t) 	 - 	 (1-a) C (1 -S) t-6 + 61 	,

which is negative for G>l. Thus Ø(t) is a decreasing function on tc(0,00)

and qA can be zero for at most one relative price.

The second derivatives of the Paasche index are readily obtained

using (2.2.12) . By the very definition of a CES function G /åpa' = 0, and

P P



Fig. 2.3.2 - Isocost curves for the Paasche price index ( 3 = 0,5)

A
P

2.00
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It follows that qAB > 0 and q is concave for a < 1. But the Paasche price

index will not be concave for a > 1. Using (2.2.11) we can however show

that for (p
A 
,p

B 
) 	 fl, the set on which qA and qB are nondecreasing

1) 
,

	2 MAIAB 	1 A	 1 Bq
AB
	=	 a 	A	

{ (q + (1- --)p ) + (q + (1- 6)p )] 	 > 	 0 	 . (2.3.10)

	

B 	 ^
P P

This shows that the cone F on which q is concave [see (2.2.14)] contains 11

and that the neoclassical region N [see (2.2.15) ] coincides with II (i.e N.114

We have thus shown that the Paasche price index behaves neoclassically for

all prices if a < 1, but that it is no longer neither monotone nor concave

if a > 1. These conclusions are illustrated in fig. 2.3.2 where we present

the "isocosts" (or level curves) for the Paasche price index for two elasti-

cities of substitution: a = 0,5 and a = 4.

0.50 1.00 1.50 2.00 2.50 B

1) See (2.2.10) above for definition of H.
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We see readily that the isocost is concave for all prices when 6 = O5,

while it is only concave for relative prices in the cone r for c = 4.
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3. 	 A -neoc l as s ical import model

In the previous section we analyzed the effects of using inconsi-

stent  Laspeyres and Paasche aggregates in describing the input of a single

commodity into a single sector. In the next section we will incorporate these

inconsistent indeces in a simultaneous input-output model. Before doing that,

however, it will be convenient to summarize the behaviour of the consistently

aggregated input-output model.

Let aik represent the input coefficient of commodity i, defined as a

function [see (l.l) ] of the imported and domestically produced input, into

sector k, and let avk represent the input coefficient for value added. These

coefficients will be assumed constant, and may for example have been estimated

from the base year national accounts. Further let pV be a price index 	 fory 	 k

value added in sector k. The simultaneous neoclassicalrice model l) mayy

now be written as:

A 
=	 ^ a. cik( A 

B 	 + 
a VPk 	ik 	P1^ P 1 	 Vkpk

i

k=1,...

E a .
i l

AA AB 	 BB AB 	+ 	V 	(3.1)Pi mik (P i 'P i ) + Pi mik(Pi'Pi) ] 	a`VkPk.

.
The cost functions c ik are normalized so that c lk (1 1) = 1 . The model

(3.1) defines implicitly the domestic prices A as functions of the pricesP 	 y 	 P 	 P 	 P

of imported commodities 
B

p 	 it i s 	 indecesand the price ndece s for value added:

A
P `	 p (pB ! pV) (3.2)

1) A more thorough analysis of such a model is presented in Frenger (1979b)



J
P
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The functions 	 A 	 k( P ,p
BV

Pk 
= 

P 	
)

, k=1,...,m, represent the total direct and

indirect costs of producing a single unit of the i'th commodity. They are

in fact true cost functions, and are linear homogeneous and concave in the

B V
prices (p ,p ) . Differentiating (3.1) totally, and solving with respect to

the endogenous price changes gives; , using matrix notation , that

dp
A
	[ I - (mAoA)' ] - 1 (mBoA) 'd B + a  d 

V] 	( 3 . 3 )P 	 C	 P 	 P V

A 	 A 	 Bwhere m and m.13
 depend on . the prices p and p . The expression shows that

- (mAoA) ' ] -1 (mBoA) ' 	 > 	 0 , 	 (3.4)

represents the matrix of f irst derivatives of P 	 respectwith res^ect to P B evaluated

ABV ^B V BV
at (P F ,P 	 P ,P ) . The matrix J represents also, for given V, the

P 	
g 	 P

Jacobian of the transformation from 	
L

^B to ^A. It follows that if (3.1)) has^ 
a non-negative solution, then

-„A1 A
	 ..A[ p (m oA) ' p] e 	<	 e (3. 5 )

where e is a vector of ones. This insures also that

A 	 ^ 	 "A 	 „A1 A 	"A "Å1
	- (m oA) 	 = 	 p [ I - p (m oA) ' p ] p (3.6)

satisfies the Hawkins - Simon condit ion 2) and that J >

ments of J
P are non-negative.

, i.e. the ele-

A 	 '	 -A-1 A 	 ' A
2) The matrices [ I - (m oA) ] and [ I - p 	 (m oA) p ] are similar,

and thus have the same set of eigenvalues to which 1 is an upperbound.



Using our interpretation of p(p B ,pV) as unit cost functions and

applying Shephard's lemma, shows that we may interpret J' as an import share
P

matrix where element (i, j) represents the total direct and indirect import

requirement of commodity i necessary to produce a single unit of commodity j.

An explicit derivation of the second derivatives of ( B V) isP 	 P P ^P

presented in Frenger (1979b, pp. 35-6) . The computations are tedious in part

because these second derivatives represent a three dimensional matrix, and I

will therefore only present the conclusions. Define the matrix of elastici-

ties of substitutions

M..

a c ik 	ik
^ A B cdp i ap i

A B
mi km ik

(3.7)

and the second order matrix

-
D 	 = 	 ( E o m o mBo A) [ I - (mAoA) ] 	. 	 (3.8)

Further let D represent the k'th column of D written as a diagonal matrix.

The matrix of second derivatives of the domestic price 
A
 with res ect toP 	 Pk 	 P

the import price vector BP can then be written

d2 A
H
k 	 pk 	' 	 Dk=	

B 	
2 	— (J - I)	 (J -I) .

P 	 (dp ) 	 P 	 P
(3.9)

All the elements of Dk are non-negative, and it follows that Hk is negativeg 	 ^ 	
P 	

g

semidefinite, as one would expect from the concavity of 
k ( B V ) .

P 	 Y	 P P ^P



4.	 A Paasche import model 

We will now return to the inconsistently aggregated domestic and

import share indeces M-:and M.	 [see (2.1.1) and (2.1.2) ] , and the
i.k	 ik

Paasche price index q. 	 [see (2.2.1)] presented in section 2, and
ik

incorporate them in the input-output model described in the previous section.

I will remind the reader that the input of the i'th commodity into the k'th

sector x.	 is given as a composite of the domestically produced input xA
i.k	 g	 P	 y P	 P	 ik

and the imported input xBk , and that the relationship is described by the

neoclassical production function [see (1.1)]

_ fik A B
xik 	(x.lk ,x ik ) (4.1)

The function f 	 is in general unknown and is approximated by  the Laspeyres

quantity index

__	 A	 B
Xik	 Xik + X

ik '

This defines implicitly the Paasche price index

AXA + BXB
p i ik	 Pi l.k

A	 B
xik + x

i 

ik A B
c (P ,P-)

(4.2) B A	m A ( A B) 	 m. ( .,p.)

	

ik Pi'i	 l.k pi 

where I,in the second equality, have allowed for the fact that the sector

determines its factor demand via cost minimization and a knowledge of the

true technology (4. 1) . We have previously shown that the indeces

satisfy the inequalities [see (2.1.3) and (2.2.3)]
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mA ( AB )	mB ( A $)
ik P i' P i 	 + 	 ik p i' P i 1

(4.3)

ik A B
q 	 pi'Pi)
	

<
 —

ik A B
c (P ,P.) 	 •i i

Let us now use the Paasche price indeces (4.2) to determine the

prices in the input-output model of section 3. This gives us m price

functions

_	 E a . 	 ik( A B
) + 	 V 	

k=1 ... m. 	 (4.4)
qk 	 ik q 	 P, P 	aVk Pk '	 > 	 >

Making the obvious notational identifications this may be rewritten

q	 = 	 Q(PA , P B ,PV ) (4.5)

which represents a transformation from R 3m

It should be emphasized that the model (4.4) or (4.5) is not the model

of the behaviour of the production sectors of the economy. Their behaviour

is still described by the neoclassical model of sector 3. The relationship

(4.4) or (4.5) represent the model builder's erroneous representation of the

sectors which results from his use of inconsistent aggregates.

The model (4.4) does not determine the domesticPP rices 
A.
 We will

however assume that the model builder "closes" his model in the usual way by

setting price equal to unit cost, i.e. by setting 
A=
 . Adding this conditionY 	 g P q 	 g

to (4.4) determines the Paasche price model 

_ 	 Z a . 	 ik . B 	 + a 	
V 	

k=1 ... m 	 4. 6qk 	 , 	 ik g ( ql ^ Pl) 	 Vk Pk ^ 	 > 	 > > 	 ( 	 )



33

which may be compared with the neoclassical model (3.1). The Paasche model

B 	 V 1)determines implicitly q as a function of p 	 and p

q _	 (p B^ V )q	 P (4.7)

We will now analyze the behaviour of this model more closely. How

does the Paasche model differ from the neoclassical model? Can (4.7) b

interpreted as a set of cost functions whose first derivatives determine the

import shares? In answering these, and other, questions it will be important

to remember that we are always assuming that the true underlying model is

described by a neoclassical technology and that the producer minimizes cost.

The results will be of two types: we will first present local results about

the base point and then give a global result.
2)

i) local results

First of all it follows from the normalization of the indeces that 4.7)

satisfies the base period (or base point) identity

q(1,1) 	 = 	 1 	 . 	 (4.8)

Differentiating totally the Paasche price model (4.6) and using the identity

q ik
	 8 ikc

ik 
[ see (2.2.2)] gives

Q(-,pB,pV)1) This solution is a fixed point of the mapping 	 from Rm to Rm .

2) The two sets of conclusions are derived independently. The global results,
being based on concavity, are the easiest to follow.
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3c
ik
	åc lk 	B

dq 	 = 	 L a . e 
i
 (----- dg .+ 	B 

 dp i)k 	 i ik 	 k agi 	 i 	 aP i

ik ae ik 	 a eik
	B	 V

c (^ dq. + 	dp i ) 	 aVk dp
q i	 1	

Fl

a. e . (mA dq. + mB dp.)ik 	
)

i 	 l.k 	 i.k g i 	 ik P i

_	 ik ik 2 _ B^ dg iE
 aik CAB 

c 	eik (q.—
1 q.

d B
p i
B

p i

+ a 	 dpV .
Vk k

We have also used the homogeneity of e. 	 and (A. 1 . 1) . ^ 1 Define the matrix

R = a c
ik c ik 8 2 1

ik
[a	 AB 	 ik

A B
Eik 

m. m.
 Mi k e (4.9)

and rewrite the above expression in matrix form

dg = 	 (mAo 0 o A) d 	 + (mBo 0 o A) ' d B -q 	 P

- R' ( ,._„B ) („-1 d _ ^B' 
d B

) + 	dpV
q P 	 q q 

p
 P 	 ^,

Solving this expression for dq gives the first derivatives of the Paasche

price model with respect to the import prices

The first derivatives of e ik are derived in appendix
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J
q

dq

dp
B

_ (MAoA) , + R' (_..B),.-1 ] -1
q P q

g-P B )

[(M oA) '

+ R' e (4.11)

estimated at the oint 	 B V 	 B Vp 	 q(p ,p ), p , p 	 One should remember that

mA , mB , and 1 are all functions o
Bq, p , and pV

It follows that the Jacobian (4.11) reduces to

dq
[ I - (mAoA) ' ] -1 (mBo (4.12)

d BP

at the base point where A 	 B
q• = p• = P•i 	 i 	 1

1 . This expression is the same

as the Jacobian (3.4) of the neoclassical model, and the Paasche model may

therefore be interpreted as a first order approximation to the true neo-

classical model 	 It follows fromh inequality 	 Bt e nequal ty in (3.4) that dq/dp B - 0,

but the results of section 2 indicate that this inequality need not hold at

other points.

B 
VThe second derivatives of 	 will depend upon the 	

'..
q(P ^P ) 	 P 	 P 	 he third

derivatives of the technology. These third order terms vanish, however,

at the base point, and i t i s shown in appendix 1 that at this point the

 k B V 
with  Hessian  of g (p , p ) with respect to p 	 may be written [ see (A1 . 1 1) ]

,.
	H

k	=	 - 2 (J -I)' Dk (J -I) .
	q 	 q	 q

(4.13)

Dk is defined in section 3, and Hk may be compared with Hk 	 see(3.9)]
P

We see that at the base point

Hk =	 2 Hk ,
q	 P (4.14)
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a result whicheneralizes (2.2.13) . Thus Hk is negative semidefiniteg 

and "locally concave".

Summarizing the results of this section thus far, we see that the

Paasche price modelq P( 
B 
,P

 V)
 provides a first order approximation to the

neoclassical model 	 ( 
B
 VPP 	 9 P ) at the base point (1,1). It follows from

(4.14)• that there is a neigbourhood N 	 of (1 , 1) such that

q(PB V )^P
(pB^ V )

P 	 P on 	 N 
e	

( 4 .15)

We showed in section 2 that this inequality had to hold for all import prices

in the simple non-simultaneous model. Does a similar conclusion hold in the

simultaneous case outside N , i.e. can we show that (4.15) holds for all

positive prices B V
P 9P ) •

?

ii) global results

Let us rewrite the neoclassical price equations (3.1) along the lines of

equation (4.5)

_ P( A B V )
P 910 913 9 (4.16)

where we have defined the "cost" price p 	 The neoclassical price model

(3.2) is just a fixed point of P (•9PPB , V) . 	 It follows from the second

inequality in (4.3) that

A B V ) 	S P( A B V
Q()P 9P 9P 	 P 9P 9P 	 9 (4.17)
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when these functions are evaluated at the same point in Ram 	 But this

'is not sufficient to show that 	 B V4.15( 	 ) holds for all (P ,P ) since

B V 	 B VQ(-,p  , p ) and P (• , p ,p ) will in general not have the same fixed point.

The following argument will, however, show that (4.15) holds for all import

prices.

Assume that q is a solution to the Paasche model i.e. that

_ 	 ( B V ) 	=	 (( B V ) B V )

q P ^P 	 Q q P ^P ^P ^P

We see from (4.17) that

= 	 ( 	 B V) 	 S 	 P(	
B V

) .q	 Q . q^P ^P 	 q^P ^P

solution of 
A 

=
 P ( A B V )

P 	 P ,p ,p

4.1 (see appendix 2) that

A
q 	 P

Le t
	

be then i t f o l lows from theo rem

(4.18)

and thus that the endogenously determined prices in the Paasche model all

are lower than the corresponding prices derived from the neoclassical model.
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5. Conclusions

In concluding it may be worth-while to summarize the consequences of using

inconsistent Laspeyres and Paasche indeces in a neoclassical (import) model.

Section 2 showed that we would tend to underestimate both the factor demand

and the output price index. This is a simple consequence of the inequalities

(2.1.4) and (2.2.3). Let us call this the index bias. This bias was

illustrated graphically in figure 2.1.1 by the distance between the points B

(the neoclassical solution) and the point C (the inconsistent solution).

In section 2 we assumed that the true price
	

A of the domestic

inputs was used to determine factor demand and output prices. But when the

inconsistent indeces are incorporated in a simultaneous model we get an

	additional bias represented by the inequality	 q S A [see (4.18)]Y 	 q 	 Y 	 P . Thus

all inconsistent price ratios between domestically produced and imported

inputs are lower than the true ratios

A

	

q.
	<	 p i

	

B 	 B
	p i 	 pi

9 i = 1, .. • , m .

Let us call this the model bias. It will tend to overestimate the demand

for domestic inputs (which appear cheaper) and underestimate the demand for

imported inputs. Returning to figure 2.1.1 we see that the model bias and

the increase in the price of imports would have given us a relative price line

P 1-P1 which was even flatter than the one shown in the figure.

The combined effect of the index bias and the model bias will leave the

net effect on the demand for domestic inputs uncertain, the two effects having

opposite sign, but it will underestimate the demand for imports and the level

of the domestic prices .
1)1)

1) Remember, however, that q=q(p B , V) is linearly homogeneousY 	 eneousg

in (P B ,
P
V) .



A 	 B

eik
	ik 2 p i 	p i

i k= cAB e ik
Bppi

B
i
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Appendix 1 - Second derivatives of the Paasche model 

This appendix will present the computations of the second derivatives

of the Paasche model (4.6) . We will start by computing the derivatives of the

B 1(2.1.1),
8 , and the MA 	 and M. 	 functions [see (2.2.2) 9 / (2.1.2)] which were
ik 	 ik

already needed in section 2. We express 0. 	 as a function ofikpi

e ( A B )
	 =ki pi'pi

C A 	 A B ) 	B	 A B )] -1mik ( p i' p i + mik ( Pi'Pi

Its derivatives are

Be
ik

Bp.
p i

A 	 B
ik 2 p i- 	Yi 

cAB 
6 i

k 	 A
p i

'

(A 1 .

The ex ^ ^ re ssion clk represents the second derivative of the unit costP 	 ABP 	 c s

ik 	 A 	 Bfunction c 	 with respect to p i and p i . The second equality above is just

a confirmation of the fact that e. 	 is homogeneous of degree zero inlk

prices.

The first derivatives of the domestic and import share functions

are

M.
ik 	a A 	 ik 2 ik 	 M A MB= 	 (m e ) 	 _ 	 _ c 	e 	c	 = 	 — 6. 	 ik ik 

a A 	 A i k ik 	 AB ik A 	 ik 	 A
P i 	Bp i 	 pi 	 pi

'

(A 1.2)
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	a MA	 1`'i ̂  I`'i^ 	 p A aM A
	Zk __ 	 i.k Zk 	 = 	 i 	 ik-

B ik 	 B 	 B A	ap.	 P . 	 P. ap.	i	 i 	 i 	 i

	M. 	. 	

A 
- pi)

	B 	 M.
Zk 	_	 ik 	 _ 	 B pi 	NH.

- ^
	A	 cAB ik 1 	

M.
	 A 	 A '

	Bp. 	Pi	 ^pi

(A 1.3)

BåM 	 pA ^M B 	 p A a AM
ik 	_	 i 	ik __	 i 	 ik 
B

_ 
B 	 A B 	 Aåp. 	 p . 	 ap. 	 p. 	 ap.1 	 i 	 1 	 1 	 1

The functions M A and M B
ik 	 ik

are homogeneous of degree zero in prices and

they sum to one. This makes it possible,  as we see, to express the four

derivatives as a function of any one of them.

In the simultaneous model, the neoclassical model of section 3 and the

Paasche model of section 4, the domesticP rice (p A or q) becomes itself a

function of the import price p B 	The "total derivative" (i.e. taking

into consideration the simultaneous effect) , of the share functions can be

written 	 K,
ij

( b ., is the Kronesker delta)

	d^k 	3MA. dp •

	dPB 	 aPA B
dp.

^ A d BM 	 p
ik 	i
B Bap i dp.

J

_ ik 2 cik
r_	

cAB i k B
p i

A B
i P i _ csK )
B A 	 ij
j P i

^

(A 1.4)

	ØB	
AØ

ik _ _  ik
B B	dp.	 dp.

	

J 	 J

•



dJ
	-1 dU'^ - - U'

dpiP•J

_ 	 . + U ' -1 
d1.0

dp
B 	

B dp ^
1 - V 1

41

Thus far we have used the notation of the neoclassical model. When

applying the results to the Paasche model one only has to substitute q for

For the rest of this appendix we will discuss the Paasche model only

and will therefore use q instead ofP A , 	 Our main task will be the

differentiation of the elements of the Jacobian matrix J 	 [see (4. 1 1) ]
q

with respect to the import prices 	
B

Define 	 matrices [seep 	 t 	 p t p c s p 	 efine the mat ces [s 	 (4.9)

for the definition of R ]

I - (MAo A) ' + R' ( "'q -

V ' 	 - 	 (MBo A) ' + R' (^ - .,
B ) ,.^

q P 	 P

and rewrite the Jacobian as

=	 U+_1 V'V

The derivatives of the Jacobian matrix J with respect to - the import price
q

p. may be written
J

A
P

U '

9

- U'-1 _ J _ _
q 	 B

dp, 	 dp J
(A 1.5)

The derivatives of the materices U' and V' in (A 1.5) are



	dMA	 dr q . -pB 	 r.iik 	 k_ 	 - a
ik 	 B 	B

	dp j 	dpj

dq i PB 	 K

B 	 -Sidfdp q l 	 /

d U
ik

dp
B
j

+ --

qi
	

q i

dU
ik 	 _ dVik

B
dp

B
j 	dpj

ik 	 dq i
( -= 	 -

 a ikc AB + r ik dpj

B
ij
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(A 1.6)

dV 	 dM8 	 dr 	 - 
B
	r./q. 	 d.

B
. 	 . 	 . 	 q. p. 	 g 	 P•ik 	 ik 	 ik  	 ik 	 i 	 i i_ 	 ^ 	 •..
B 	aik	 B 	 B 	 Bdp. 	 dp 	 q. 	 B 	 B q.

j 	dpj	 pi 	 i ^pi 	 \dPj i
J

We see that these derivatives involve the first derivatives of r ik

and thus third derivatives of the cost functions c ik . The computations

become rather complicated, and it seems difficult to form any definite

opinion about these third derivatives. We will therefore restrict the

computations to the base point, where the term with the third derivatives

vanish since 	 . 	
B

= 	 = 1. 1) As dM$ d B
J = - dMA /d. B [see (A 1.4)j,

	

q i	 p i 	 ik P 	ik P J
the derivatives of U' and V' are equal at the base point

2r •
i

dq ' 	 K
= - b
dp 	 1JJ

(A 1.7)

.
where 

c ik = 8 	 = 1. Let us define (J -I ) J as a (column—)vector cons isting
ik 	 q

,
of the elements of the j'th column of J -I. The derivatives (A ^^_ . 7. ) can

q

then be written

1 U	 uV
- - -

3 	^3dn j 	dp .
J

=	 2 (J - I ) J R
q

(k 1.8)

1) We could alternatively have supposed that these second derivatives were
constant or that the elasticity of substitution was constant (CES tech-
nology). It is also possible that the magnitude of the third deriva-
tives is irrelevant for the conclusions we wish to draw, particularly
regarding the concavity of the price functions.



Hk
q

d 2:q

d BdpB
P	 1

B
dp dp
d dPB
P m

d

(d P 
B ) 2
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and the derivatives of the Jacobian matrix (A 1.5) become

	dJ Q	
-1 dU' 	 _1 	 ^	-	 _	 - U' 	 -- 	 (J -I) 	 =	 - 2 U' R' (J - I) • (J - I) .

	B	 B Q 	 g 	 q
	dp , 	 dp,

	

J 	 J

The set dJ /dpB, 'J =1, . ,m, forms a three dimensional matrix.

k2 	 B B
are particularly interested in the matrix H = [d q

k
 / (dp ,

l
 dp .) ] ,

q	 i

which represents the second derivatives of the domestic price index 4 withk

respect to the import prices. We see that the vector consisting of the

• 	 B and 
B
 forms the 	 k'th  row of dJ /second derivatives of q k with respect to p 	 p

J

d B.p^ .

d 2 	 -1k 	 - 2 (U' 1 ) R' (J - I) J (J
d P PBd B 	k	 q 	 qj

/ 1_	 - 2 (J' 	 - I) . [(u , 	)k R' ] (J
q	 J	 q (A 1.10)

U ' 

1
	i s the k'th row of U' 1where 	 and (J' 	 is the j'th row'- I ),( 	 )k 	

q 	 i

	(J'	 ' 	 ' 	 k 	 writtenof (J - I) . The complete Hessian matrix H may now be
	q	 q

r
- 2

1 d q
k

(A 1.9)

^.J =1 ^

__	 _ 2(J _ I) , [(U , 1 ) R' ] (J - I)
q	 k 	q

' 	 bThe elements of the diagonal matrix [ (U' ) kR ] are given by the k'th

column of the matrix
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D 	 = 	 Cd ik ]
.l

r iJ
A 	

1
- (m oA) ] .k

J   

-1
=	 R [I - On 0A)]>	 0

Let Dk represent the k'th column of D. Then the Hessian can be written

	Hk 	-	 - 2 (J - I)' Dk (J - I) . 	 (A 1.11)

	

q	 q	 q

This matrix is symmetric and negative semidefinite. The latter follows

from the fact that the elements of Dk are non-negative.



. ,m.

5max{

1
^k
0

xk
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Appendix 	 - Proof of theorem 4.

This appendix will state and prove the theorem which we used in

section 4 to show that the inequality q
A

P [see (4.18)] holds for all

import prices.

Theorem 4.1. 	 Let F = (f 1 ,..., 	 be a continous mapping from

to. Rm which is

a) monotone nondecreasing in each argument

b) "sub-linearly" homogeneous, i.e.

fk (Xx) < Xfk(x)a>1 	 k=1^ 	 ,

e a fixed point, i. e . ^ x0 = F (x0 )^ 	 ^ and let  x^^^ ^ be another ^. ointP 	 ^ 	 	̂
point

 that x 1 < F(x 1 ) . Then x0 > x 1

Proof: Assume on the contrary that x0 ^y 	 xl 	 Partition the index

set 	 { , .. . ,m} into two sets S and T such that

	x0 	< x 1

	

k 	
kES

	

k 	 • 	 '

x0 _> x1

	

k 	 kET	k 	
,

=

and define

k E S } 	 > 	 1

Let
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Let i E S be an index for which X = xl/x9
1 1 ^

and assume, after reordering

if necessary, that the indeces are so ordered that the argument of the function

i
f say be written

	

S	 T

i 1 	 1 	 1 	 1 	 1
= 	 f(xl , x2 , ... x s , xs+1 , 
	

, x n )

=	 1 	 --ll ^a x

	

-ll 	 ^ f i -ll ^-llf	(7^l x S,	 T) 	 < 	 (A x S, 	x T )	•

From the definition of A follows that a lxk S x  fo r every k ^ S

And  since X-1 < 1 it follows that X-lxk < xk for every k E T 	 Thus

f l (1-lx l  ^-1x 1 ) • <
S' 	 T

f l x0 x0)CS' T
f l x0 C 	 )

Hence

X
 f 1 (x0 )	 =	 x x0 	=	 x l

	1 	 1

But this contradicts the assumption that x 1 <_ F(x



47

References

Frenger, P. (1979a) : "Relative Prices and Import Substitution, Sectoral
Analysis on Norwegian Data for the Period 1949-1969",
paper presentert på IARIW konferansen, Austria
August 1979.

Frenger, P. (1979b) : "Import Substitution in a Multisectoral Model",
(PFr/KJe, 8/8-79).

Frenger, P. (1980) : "Import Share Functions in. Input-Output Analysis",
Rapporter no. 80/14, Statistisk Sentralbyrå, Oslo.

Rockafeller, R.T. (1970) : "Convex Analysis", Princeton University Press,
Princeton, New Jersey.



48

Utkommet i serien Rapporter fra Statistisk Sentral byrå (RAPP) - ISSN 0332-8422

Trykt 1982

Nr. 82/1 	 Tor Haldorsen og Gunvor Iversen: Praktiske eksempler på måling av latente variable:
Sammenhengen mellom subjektive og objektive indikatorer på  arbeidsforhold
ISBN 82-537-1649-4

- 82/2 	 Jan MØnnesland, Helge Brunborg og Randi Selmer: Inngåelse og oppløsning av ekteskap
etter alder og varighet 	 Formation and Di ssol uti on of Marriage by Age and Duration
Sidetall 77 Pris kr 15,00 ISBN 82-537-1650-8

- 82/3 	 Ole K. Hovland og Håvard RØyne: En revidert versjon av skattemodellen LOTTE
Sidetall 63 	 Pris kr 15,00 ISBN 82-537 - 1648-6

- 8'2/4 	 Gunvor Iversen: Arbeidsmiljø 1980 Noen hovedresultater Sidetall 79
Pris kr 15, 00 ISBN 82-537-1715-6

.
- 82/5 	 Naturressurser 1981 Si detall 29 Pris kr 10,00 ISBN 82-537 - 1651 -6

- 82/6 	 Stein Erland Brun: Nettoflytting og arbeidsmarked i fylkene En foreløpig analyse av
sammenhengen Sidetall 68 Pris kr 15,00 ISB N 82-537- 1718 -0

- 82/7 	 Øystein Engebretsen: Arealbruk i norske byer og tettsteder Sidetall 183
Pris kr 15, 00 ISBN 82 -537- 1720- 2

- 82/8 	 Attitudes to Norwegian Development Assistance Sidetall 68 Pris kr 15,00
ISBN 82-537-1719-9

- 82/9 	 Rolf Aaberge: Om måling av ulikskap Sidetall 73 Pris kr 15,00 ISBN 82-537-1721-0

- 82/10 Arne S. Andersen: Levekårsundersøkelsen 1980 Dokumentasjon Del II Sidetall 88
Pris kr 15,00 ISBN 82-537-1722-9

- 82/11 Audun Rosland: Forbruk av fast brensel i husholdninger 1960 - 1980 Sidetall 41
Pris kr 10,00 ISBN 82-537-1735-0

- 82/12 bjørn  K jensl i : Strukturundersøkelse for bygg og anlegg Industribygg Sidetall 58
Pris kr 15,00 ISBN 82-537-1732-6

- 82/13 Liv Argel: StatistikkbrukerundersØkelsen 1980-81 Resultater fra en postundersøkelse
om bruk og vurdering av offisiell statistikk Sidetall 91 Pris kr 15,00
ISBN 82-537-1748-2

- 82/14 Vetle Hvidsten og Kåre Kal stad: Nasjonalregnskap 1975 - 1976 Inntekts- og kapital-
konti System og beregningsmetoder Sidetall 84 Pris kr 15,00 ISBN 82-537-1745-8

82/15 Johan A. Alstad: Oppfølging av flyttemoti vundersØkel sen 1972 En studie av tilbake-
flytting Sidetall 93 Pris kr 15,00 ISBN 82-537-1784-9

- 82/16 Per Skagseth: Det norske nasjonalregnskapet Dokumentasjonsnotat nr. 12 Beregning
av investering, realkapital og kapitalslit Sidetall 50 Pris kr 10,00
ISBN 82-537-1756-3

- 82/17 Ressursregnskap for fisk Sidetall 52 Pris kr 15,00 ISBN 82-537-1765-2

- 82/18 Susan Lingsoni: Behov for tilsynsordninger for barn 7-12 år Sidetall 32
Pris kr 10,00 ISBN 82-537-1772-5

- 82/19 Skatter og overføringer til private Historisk oversikt over satser mv. Arene
1969 -1982 Sidetall 78 Pris kr 15,00 ISBN 82-537-1786-5

- 82/20 Trygve Solheim: 70-dras feriereiser Sidetall 38 Pris kr 10,00 ISBN 82-537-1805-5

82/21 Trygve Solheim: Friperioder og ferieturer Omfang og fordeling over året
Sidetall 36 Pris kr 10,00 ISBN 82-537-1804-7

- 82/22 Halvor Skraastad: Siktet for forbrytelser - Hva skjer videre En undersøkelse av
siktede i januar og februar 1973 	 Charged for Crimes - What Hanpens during the
Procedure A survey on Persons Charged for Crimes in January and February 1973
Sidetall 40 Pris kr 15,00 ISBN! 82-537-1820-9

- 82/23 Helge Herigstad: Bilhald og hi l utgi fter Sidetall 51 Pris kr 10,00
ISBN 82-537-1803-9



49

Utkommet i serien Rapporter fra Statistisk Sentralbyrå (RAPP) - ISSN 0332-8422 (forts.)

Trykt 1982

Nr. 82/24 Frode Brunvoll og Jan Chr. Jørgensen: Metoder for framskriving  av fiskeflåtens
kostnader Sidetall 57 Pris kr 15,00 ISBN 82-537-1818-7

- 82/25 Erik Bi Ørn: Kvanti fi seri ng av konjunkturbarometeri nformasjon Sidetall 67
Pris kr 15,00 ISBN 82-537-1809-8

- 82/26 Audun Rosland og Asbj Ørn Aaheim: Energireserver Sidetall 40 Pris kr 15,00
ISBN 82-537-1814-4

82/27 Aktuelle skattetall 1982 	 Current Tax Data 	 Sidetall 47 	 Pris kr 10,00
ISBN 82-537-1822-5

- 82/28 Arne Øien: Statistisk Sentralbyrå Perspektiv for 1980 -årene 	 Central Bureau of
Statistics Perspectives for the 1980s 	 Sidetall 40 Pris kr 15,00
ISBN 82-537-1826-8

82/29 Engrosprisstati stikk Engrosprisindeks Produsentprisindeks Sideta1 l 120
Pris kr 15,00 ISBN 82- 537 -1833 -0

- 82/30 Referansearkiv for naturressurs- og forurensningsdata: Arealoppgaver i
sentralforvaltningen Sidetall 132 Pris kr 15,00 ISBN 82-537-1838-1

82/31 Eva Ivås og Kjell Roland: 110DIS IV Detaljerte virkningstabeller for 1981
Sidetall 271 Pris kr 20,00 ISBN 82-537-1840-3

- 82/32 Torleif Haugland: Etablering og nedlegging av industribedrifter Sidetall 67
Pri s kr 15,00 ISBN 82-537 -1878-0

- 82/33 UndersØkel se om kopiering i skoleverket 1981/82 Sidetall 58 Pris kr 10,00
ISBN 82-537-1855-1

82/34 Otto Carlson: Pasientstati stikk 1980 Statistikk fra Det Økonomi ske og medisi nske
informasjonssystem 	 Si detall 69 Pris kr 15, 00 ISBN 82-537- 1854 -3

82/35 Hogne Steinhakk: Planregnskap for Østfold 1981 - 1992 Hovedresultater
Sidetall 50 Pris kr 10,00 ISBN 82-537-1850-0

Trykt 1983 .

	

Nr. 83/1 	 Naturressurser 1982 Foreløpige nøkkeltall fra ressursregnskapene for energi,
mineraler, skog, fisk og areal 	 Sidetall 62 Pris kr 15,00 ISBN 82-537-1837-3

	

83/2 	 Totalregnskap for fiske- og fangstnæringen 1978 - 1981 	 Sidetall 39 Pris kr 12,00
ISBN 82-537-1882-9

- 83/3 	 Therese Hunstad: Forbruk av fisk og fiskevarer i Norge 1979 En undersøkelse av
fiskeforbruket i Norge i 1979 med bakgrunn i materialet fra momskompensasjons-
ordningen for fisk og fiskevarer 	 Sidetall 25 Pris kr 12,00 ISBN 82-537-1904-3

- 83/4 	 Atle Martinsen og Hogne Steinbakk: Planregnskap for Rogaland 1981 - 1992
Hovedresultater 	 Sidetall 42 Pris kr 12,00 ISBN 82-537-1902-7

- 83/6 	 Asbjørn Aaheim: Norske olje- og gassreserver Nåverdiberegninger og inndeling i
kostnadsklasser Sidetall 28 Pris kr 12,00 ISBN 82-537-1911-6

- 83/9 	 Radio- og fjernsynsundersøkelsen Februar 1983 	 Sidetall 118 Pris kr 18,00
ISBN 82-537-1928-0

- 83/10 Petter Frenger: On the Use of Laspeyres and Paasche Indices in a Neoclassical Import
Model 	 Om bruken av Laspeyres og Paasche indekser i en neokl assi sk importmodell
Sidetall 49 	 Pris kr 18,00 ISBN 82-537-1931-0



Pris kr 18,00
Publikasjonen utgis i kommisjon hos H. Aschehoug & Co. og
Universitetsforlaget, Oslo, og er til salgs hos alle bokhandlere.

ISBN 82-537-1931-0
ISSN 0332-8422


	Front Page
	PREFACE
	FORORD
	CONTENTS
	INNHOLD
	1. Introduction
	2. Import shares and Paasche price indices
	3. A neoclassical import model
	4. A Paasche import model
	5. Conclusions
	Appendix 1
	Appendix 2
	References



